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THE AUTOMORPHIC DISCRETE SPECTRUM OF Mp4
WEE TECK GAN AND ATSUSHI ICHINO
Abstract. We prove the multiplicity formula for the automorphic discrete spectrum of the metaplectic
group Mp4 of rank 2.
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1. Introduction
In our previous paper [8], we studied the automorphic discrete spectrum L2disc(Mp2n) of the metaplectic
group Mp2n, which is a nonlinear double cover of the symplectic group Sp2n of rank n. In particular, we
proved a decomposition
L2disc(Mp2n) =
⊕
φ
L2φ(Mp2n),
where φ runs over elliptic A-parameters for Mp2n and L
2
φ(Mp2n) is the near equivalence class determined
by φ (which depends on an auxiliary choice of an additive character). In addition, when φ is tempered,
1
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we proved a further decomposition
(1.1) L2φ(Mp2n)
∼=
⊕
π
mππ,
where π runs over representations in the global A-packet associated to φ andmπ is the nonnegative integer
predicted by the analog of Arthur’s conjecture [6, §5.6]. When n = 1, such a result was first established
by Waldspurger [45, 46] as a representation-theoretic reformulation of the Shimura correspondence.
The purpose of this paper is to prove (1.1) when n = 2 and φ is nontempered (see Theorem 2.1), which
completes the analysis of L2disc(Mp4). We also tabulate the representations in the local A-packets for Mp4
explicitly (see Appendix C), which may be useful for arithmetic applications. The case n = 2 is especially
interesting because, similarly to the case n = 1, it involves the two groups SO5 and Sp4 of the same type
B2 = C2. In particular, we hope that our representation-theoretic formulation will elucidate Ibukiyama’s
conjecture [19] on integral and half-integral weight Siegel modular forms of genus 2.
Acknowledgments. The first-named author is partially supported by an MOE Tier one grant R-146-000-
228-114. The second-named author is partially supported by JSPS KAKENHI Grant Number 19H01781.
Notation. If F is a local field of characteristic zero, we fix a nontrivial additive character ψ of F . For
a ∈ F×, we define another nontrivial additive character ψa of F by ψa(x) = ψ(ax). We also define a
quadratic character χa of F
× by χa(x) = (a, x)F , where (·, ·)F is the quadratic Hilbert symbol of F . Let
WF be the Weil group of F and put
LF =
{
WF × SL2(C) if F is nonarchimedean;
WF if F is archimedean.
For any linear algebraic group G over F , we identify G with its group of F -rational points.
If F is a number field with ade`le ring A, we fix a nontrivial additive character ψ of A/F . For a ∈ F×,
we define another nontrivial additive character ψa of A/F by ψa(x) = ψ(ax). We also define a quadratic
automorphic character χa of A
× by χa(x) =
∏
v(a, xv)Fv , where v runs over places of F . We denote by
ζS(s) the partial zeta function of F , where S is a finite set of places of F . Put
µ2,A =
{
(ǫv) ∈
∏
v
{±1}
∣∣∣ ǫv = 1 for almost all v}.
For any representation π, we denote by π∨ its contragredient representation. For any abelian locally
compact group S, we denote by Ŝ the group of continuous characters of S. For any positive integer d, we
denote by Sd the unique d-dimensional irreducible representation of SL2(C). We write
1d = 1, 1, . . . , 1︸ ︷︷ ︸
d
.
For any a ∈ 12Z with a > 0, we denote by Da the 2-dimensional irreducible representation of WR induced
from the character z 7→ (z/z¯)a of WC = C
×.
2. The multiplicity formula
In this section, we state the multiplicity formula for the automorphic discrete spectrum of Mp4, which
is the main result of this paper.
THE AUTOMORPHIC DISCRETE SPECTRUM OF Mp4 3
2.1. Elliptic A-parameters. Let F be a number field with ade`le ring A and fix a nontrivial additive
character ψ of A/F . Recall from [8] that an elliptic A-parameter for Mp4 is a formal unordered finite
direct sum
φ =
⊕
i
φi ⊠ Sdi ,
where
• φi is an irreducible self-dual cuspidal automorphic representation of GLni(A);
• Sdi is the unique di-dimensional irreducible representation of SL2(C);
• if di is odd, then φi is symplectic, i.e. the exterior square L-function L(s, φi,∧
2) has a pole at s = 1;
• if di is even, then φi is orthogonal, i.e. the symmetric square L-function L(s, φi,Sym
2) has a pole at
s = 1;
• if (φi, di) = (φj , dj), then i = j;
•
∑
i nidi = 4.
Let Sφ be the global component group of φ, which is defined formally as a free Z/2Z-module
Sφ =
⊕
i
(Z/2Z)ai
with a basis {ai}, where ai corresponds to φi ⊠ Sdi . Recall also that Arthur [4, (1.5.6)] associated to φ
(which can be regarded as an elliptic A-parameter for SO5) a character ǫφ of Sφ, which plays an important
role in the multiplicity formula for the automorphic discrete spectrum of SO5. We define another character
ǫ˜φ of Sφ, which plays a similar role for Mp4, by
ǫ˜φ(ai) = ǫφ(ai)×
{
ǫ(12 , φi) if φi is symplectic;
1 if φi is orthogonal,
where ǫ(12 , φi) = ±1 is the root number of φi.
We can enumerate the elliptic A-parameters φ for Mp4 with associated character ǫ˜φ as follows.
• We say that φ is tempered if di = 1 for all i. In this case, we have ǫ˜φ(ai) = ǫ(
1
2 , φi) for all i.
• We say that φ is of Saito–Kurokawa type if
φ = (ρ⊠ S1)⊕ (χ⊠ S2)
for some irreducible cuspidal automorphic representation ρ of GL2(A) with trivial central character
and some quadratic automorphic character χ of A×. In this case, we have Sφ ∼= (Z/2Z)
2 and
ǫ˜φ(a1) = ǫ(
1
2 , ρ) · ǫ(
1
2 , ρ× χ), ǫ˜φ(a2) = ǫ(
1
2 , ρ× χ),
where a1 and a2 correspond to ρ⊠ S1 and χ⊠ S2, respectively.
• We say that φ is of Howe–Piatetski-Shapiro type if
φ = (χ1 ⊠ S2)⊕ (χ2 ⊠ S2)
for some distinct quadratic automorphic characters χ1 and χ2 of A
×. In this case, we have Sφ ∼=
(Z/2Z)2 and ǫ˜φ = 1.
• We say that φ is of Soudry type if
φ = ρ⊠ S2
for some irreducible dihedral cuspidal automorphic representation ρ of GL2(A) with nontrivial qua-
dratic central character. In this case, we have Sφ ∼= Z/2Z and ǫ˜φ = 1.
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• We say that φ is principal if
φ = χ⊠ S4
for some quadratic automorphic character χ of A×. In this case, we have Sφ ∼= Z/2Z and ǫ˜φ = 1.
2.2. Local A-packets. Let φ =
⊕
i φi ⊠ Sdi be an elliptic A-parameter for Mp4. For each place v of F ,
the localization φv =
⊕
i φi,v ⊠ Sdi of φ at v gives rise to a local A-parameter
φv : LFv × SL2(C) −→ Sp4(C)
via the local Langlands correspondence [26, 16, 17, 41]. We define the associated L-parameter ϕφv :
LFv → Sp4(C) by
ϕφv(w) = φv
(
w,
(
|w|
1
2
v
|w|
− 1
2
v
))
.
We denote by Sφv and Sϕφv the component groups of the centralizers of φv and ϕφv in Sp4(C), respectively.
Then we have a canonical map Sφ → Sφv and a natural surjection Sφv → Sϕφv .
Let Mp4(Fv) be the metaplectic double cover of Sp4(Fv). We will assign to φv a finite set (which
depends on the nontrivial additive character ψv of Fv)
Πφv,ψv(Mp4) = {πηv | ηv ∈ Ŝφv}
of semisimple genuine representations of Mp4(Fv) of finite length indexed by characters of Sφv . If φ is
tempered, then Πφv ,ψv(Mp4) is defined as the L-packet associated to φv (relative to ψv) defined via the
local Shimura correspondence [2, 3, 11]. If φ is nontempered, then Πφv ,ψv(Mp4) will be defined in §§7.1,
8.1, 9.1, 10.1 below. Moreover, we will show that the following properties hold:
• Πφv,ψv(Mp4) is multiplicity-free;
• Πφv,ψv(Mp4) contains the L-packet Πϕφv ,ψv(Mp4) associated to ϕφv (relative to ψv);
• the diagram
Πφv,ψv(Mp4) Ŝφv
Πϕφv ,ψv(Mp4) Ŝϕφv
commutes.
2.3. Statement of the main theorem. Let Mp4(A) be the metaplectic double cover of Sp4(A). We
denote by
L2disc(Mp4)
the genuine part of the discrete spectrum of the unitary representation L2(Sp4(F )\Mp4(A)) of Mp4(A),
where we regard Sp4(F ) as a subgroup of Mp4(A) via the canonical splitting. In our previous paper [8],
we proved a decomposition
L2disc(Mp4) =
⊕
φ
L2φ,ψ(Mp4),
where φ runs over elliptic A-parameters for Mp4 and L
2
φ,ψ(Mp4) is the near equivalence class of irreducible
representations π in L2disc(Mp4) such that the L-parameter of πv (relative to ψv) is ϕφv for almost all
places v of F . Thus, to understand the spectral decomposition of L2disc(Mp4), it remains to describe the
multiplicity of any irreducible representation of Mp4(A) in L
2
φ,ψ(Mp4).
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Consider the compact group Sφ,A =
∏
v Sφv and the group Ŝφ,A =
⊕
v Ŝφv of continuous characters of
Sφ,A. For any η =
⊗
v ηv ∈ Ŝφ,A, we may form a semisimple genuine representation
πη =
⊗
v
πηv
of Mp4(A). Let ∆
∗η = η ◦∆ ∈ Ŝφ be the pullback of η under the diagonal map ∆ : Sφ → Sφ,A.
We now state our main result:
Theorem 2.1. For any elliptic A-parameter φ for Mp4, we have
L2φ,ψ(Mp4)
∼=
⊕
η∈Ŝφ,A
mηπη,
where
mη =
{
1 if ∆∗η = ǫ˜φ;
0 otherwise.
In particular, L2disc(Mp4) is multiplicity-free.
This theorem was already proved in our previous paper [8] when φ is tempered and follows from
Propositions 7.1, 8.2, 9.2, 10.1 below when φ is nontempered.
3. Metaplectic and orthogonal groups
In this section, we introduce notation for the groups and representations which appear in this paper.
Let F be either a local field of characteristic zero or a number field with ade`le ring A.
3.1. Metaplectic groups. Let Wn be a 2n-dimensional vector space over F equipped with a nondegen-
erate antisymmetric bilinear form 〈·, ·〉Wn . We call such Wn a symplectic space over F and denote by
Sp(Wn) the associated symplectic group. Choose a basis w1, . . . , wn, w
∗
1, . . . , w
∗
n of Wn such that
〈wi, wj〉Wn = 〈w
∗
i , w
∗
j 〉Wn = 0, 〈wi, w
∗
j 〉Wn = δij .
Given a sequence k = (k1, . . . , km) of positive integers such that k1 + · · ·+ km ≤ n, we write
Wn = X1 ⊕ · · · ⊕Xm ⊕X
∗
1 ⊕ · · · ⊕X
∗
m ⊕Wn0
with
Xi = Span(wk′i−1+1, . . . , wk′i),
X∗i = Span(w
∗
k′i−1+1
, . . . , w∗k′i
),
Wn0 = Span(wk′m+1, . . . , wn, w
∗
k′m+1
, . . . , w∗n),
where k′i = k1+ · · ·+ki and n0 = n−k1−· · ·−km. Let Pk =MkNk be the parabolic subgroup of Sp(Wn)
stabilizing the flag
X1 ⊂ X1 ⊕X2 ⊂ · · · ⊂ X1 ⊕ · · · ⊕Xm,
where
Mk ∼= GL(X1)× · · · ×GL(Xm)× Sp(Wn0)
is the Levi component of Pk stabilizing the flag
X∗1 ⊂ X
∗
1 ⊕X
∗
2 ⊂ · · · ⊂ X
∗
1 ⊕ · · · ⊕X
∗
m
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and Nk is the unipotent radical of Pk. We also write Pk = P(k) for 1 ≤ k ≤ n and B = P(1n), which are a
maximal parabolic subgroup and a Borel subgroup of Sp(Wn), respectively.
Suppose that F is local. We denote by Mp(Wn) the metaplectic double cover of Sp(Wn):
1 −→ {±1} −→ Mp(Wn) −→ Sp(Wn) −→ 1.
This cover splits over Nk uniquely. Let P˜k and M˜k be the preimages of Pk andMk in Mp(Wn), respectively,
so that P˜k = M˜kNk and
M˜k ∼= G˜L(X1)×{±1} · · · ×{±1} G˜L(Xm)×{±1} Mp(Wn0).
Here G˜L(Xi) is the double cover of GL(Xi) given in [7, §2.5]. Suppose that F is global. We denote by
Mp(Wn)(A) the metaplectic double cover of Sp(Wn)(A):
1 −→ {±1} −→ Mp(Wn)(A) −→ Sp(Wn)(A) −→ 1.
This cover splits over Sp(Wn)(F ) uniquely.
3.2. Orthogonal groups. Let Vn be a (2n+1)-dimensional vector space over F equipped with a nonde-
generate symmetric bilinear form 〈·, ·〉Vn . We call such Vn a quadratic space over F and denote by O(Vn)
the associated orthogonal group. Let SO(Vn) be the identity component of O(Vn), so that
O(Vn) = SO(Vn)× {±1}.
Let Van be an anisotropic kernel of Vn and r the Witt index of Vn. Choose a basis v1, . . . , vr, v
∗
1 , . . . , v
∗
r of
the orthogonal complement of Van in Vn such that
〈vi, vj〉Vn = 〈v
∗
i , v
∗
j 〉Vn = 0, 〈vi, v
∗
j 〉Vn = δij.
Given a sequence k = (k1, . . . , km) of positive integers such that k1 + · · ·+ km ≤ r, we write
Vn = Y1 ⊕ · · · ⊕ Ym ⊕ Y
∗
1 ⊕ · · · ⊕ Y
∗
m ⊕ Vn0
with
Yi = Span(vk′i−1+1, . . . , vk′i),
Y ∗i = Span(v
∗
k′i−1+1
, . . . , v∗k′i
),
Vn0 = Span(vk′m+1, . . . , vr, v
∗
k′m+1
, . . . , v∗r )⊕ Van,
where k′i = k1+ · · ·+ ki and n0 = n− k1−· · ·− km. Let Qk = LkUk be the parabolic subgroup of SO(Vn)
stabilizing the flag
Y1 ⊂ Y1 ⊕ Y2 ⊂ · · · ⊂ Y1 ⊕ · · · ⊕ Ym,
where
Lk ∼= GL(Y1)× · · · ×GL(Ym)× SO(Vn0)
is the Levi component of Qk stabilizing the flag
Y ∗1 ⊂ Y
∗
1 ⊕ Y
∗
2 ⊂ · · · ⊂ Y
∗
1 ⊕ · · · ⊕ Y
∗
m
and Uk is the unipotent radical of Qk. We also write Qk = Q(k) for 1 ≤ k ≤ r, which is a maximal
parabolic subgroup of SO(Vn).
We denote by V +n the unique (up to isometry) (2n+ 1)-dimensional quadratic space over F with Witt
index n and trivial discriminant. Note that SO(V +n ) is split over F . If F is local, then the isometry classes
of (2n + 1)-dimensional quadratic spaces over F with trivial discriminant are classified as follows.
• When n = 0 or F = C, there is a unique such quadratic space V +n .
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• When n > 0 and F is nonarchimedean, or n = 1 and F = R, there are precisely two such quadratic
spaces V +n and V
−
n . Here V
−
n is the (2n + 1)-dimensional quadratic space over F with Witt index
n− 1 and trivial discriminant.
• When F = R, there are precisely n + 1 such quadratic spaces Vp,q, where p and q are nonnegative
integers such that p + q = 2n + 1 and q ≡ n mod 2. Here Vp,q is the quadratic space over R of
signature (p, q). Note that V +n = Vn+1,n and V
−
1 = V0,3.
3.3. Parabolic induction. Suppose that F is local and fix a nontrivial additive character ψ of F . Let
P˜k = M˜kNk be the parabolic subgroup of Mp(Wn) as in §3.1. Then any irreducible genuine representation
of M˜k is of the form
(τ1 ⊗ χψ)⊠ · · ·⊠ (τm ⊗ χψ)⊠ π,
where τi is an irreducible representation of GL(Xi), χψ is the genuine character of G˜L(Xi) defined in
terms of the Weil index associated to ψ (see [7, §2.6]), and π is an irreducible genuine representation of
Mp(Wn0). We write
IPk,ψ(τ1, . . . , τm, π) = Ind
Mp(Wn)
P˜k
((τ1 ⊗ χψ)⊠ · · · ⊠ (τm ⊗ χψ)⊠ π)
for the associated parabolically induced representation. Note that IPk,ψ(τ1, . . . , τm, π)
∨ = IPk,ψ−1(τ
∨
1 , . . . , τ
∨
m, π
∨)
and
IPk,ψa(τ1, . . . , τm, π) = IPk,ψ(τ1 ⊗ (χa ◦ det), . . . , τm ⊗ (χa ◦ det), π)
for a ∈ F×. If IPk,ψ(τ1, . . . , τm, π) is a standard module, then we denote by JPk,ψ(τ1, . . . , τm, π) its unique
irreducible quotient.
Similarly, for the parabolic subgroup Qk of SO(Vn) as in §3.2, we write
IQk(τ1, . . . , τm, σ) = Ind
SO(Vn)
Qk
(τ1 ⊠ · · ·⊠ τm ⊠ σ)
for the parabolically induced representation associated to irreducible representations τi and σ of GL(Yi)
and SO(Vn0), respectively. If IQk(τ1, . . . , τm, σ) is a standard module, then we denote by JQk(τ1, . . . , τm, σ)
its unique irreducible quotient.
4. Local theta lifts
In this section, we introduce local theta lifts and recall some of their basic properties.
4.1. Notation. Let F be a local field of characteristic zero and fix a nontrivial additive character ψ of
F . Let Wn be a 2n-dimensional symplectic space over F and Vm a (2m+1)-dimensional quadratic space
over F with trivial discriminant. We denote by
ωWn,Vm,ψ
the Weil representation of Mp(Wn)×O(Vm) with respect to ψ. Note that ωWn,Vm,ψ depends only on the
(F×)2-orbit of ψ.
For any irreducible genuine representation π of Mp(Wn), the maximal π-isotypic quotient of ωWn,Vm,ψ
is of the form
π ⊠ΘWn,Vm,ψ(π)
for some smooth representation ΘWn,Vm,ψ(π) of O(Vm) of finite length. We denote by
θWn,Vm,ψ(π)
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the maximal semisimple quotient of ΘWn,Vm,ψ(π). Then, by the Howe duality [18, 47, 13], θWn,Vm,ψ(π) is
either zero or irreducible. We also regard ΘWn,Vm,ψ(π) and θWn,Vm,ψ(π) as representations of SO(Vm) via
restriction. Note that if θWn,Vm,ψ(π) is nonzero, then it remains irreducible as a representation of SO(Vm).
Similarly, for any irreducible representation σ of O(Vm), we may define a smooth representation
ΘWn,Vm,ψ(σ) of Mp(Wn) of finite length and its maximal semisimple quotient θWn,Vm,ψ(σ), which is either
zero or irreducible. Let σ0 be an irreducible representation of SO(Vm). For ǫ = ±1, let σ
ǫ be the extension
of σ0 to O(Vm) such that −1 ∈ O(Vm) acts as the scalar ǫ, which we call the ǫ-extension of σ0. If m ≥ n,
then by the conservation relation [42], there is at most one ǫ such that θWn,Vm,ψ(σ
ǫ) is nonzero. We write
θWn,Vm,ψ(σ0) = θWn,Vm,ψ(σ
ǫ) if such ǫ exists, and interpret θWn,Vm,ψ(σ0) as zero otherwise.
4.2. Elementary Weil representations. Consider the Weil representation ωWn,V +0 ,ψ
of Mp(Wn) ×
O(V +0 ) with respect to ψ. We may decompose it as
ωWn,V +0 ,ψ
= (ω+Wn,ψ ⊠ 1)⊕ (ω
−
Wn,ψ
⊠ det),
where ω+Wn,ψ = ΘWn,V +0 ,ψ
(1) and ω−Wn,ψ = ΘWn,V +0 ,ψ
(det) are the big theta lifts of the trivial and nontrivial
characters of O(V +0 ) = {±1}, respectively. Then both ω
+
Wn,ψ
and ω−Wn,ψ are irreducible, and we call them
the even and odd elementary Weil representations of Mp(Wn) with respect to ψ, respectively.
Lemma 4.1. We have
ω+Wn,ψ = JB,ψ(| · |
n− 1
2 , | · |n−
3
2 , . . . , | · |
1
2 ),
ω−Wn,ψ = JP,ψ(| · |
n− 1
2 , | · |n−
3
2 , . . . , | · |
3
2 , ω−W1,ψ),
where P = P(1n−1).
Proof. We use the Schro¨dinger model of the Weil representation ωWn,V +0 ,ψ
on the space of Schwartz
functions on Fn. Then ω+Wn,ψ and ω
−
Wn,ψ
are realized on the subspaces of even and odd functions,
respectively. We may define nonzero Mp(Wn)-equivariant maps
λ+ : ω+Wn,ψ −→ IPn,ψ(|det |
−n
2 ), λ− : ω−Wn,ψ −→ IPn−1,ψ(|det |
−n+1
2 , ω−W1,ψ)
by
λ+(f)(g) = [ω+Wn,ψ(g)f ](0), λ
−(f)(g) = [ω−Wn,ψ(g)f ](0, 0, . . . , 0︸ ︷︷ ︸
n−1
, · ).
Since ω±Wn,ψ is irreducible and ω
−
W1,ψ
is tempered, the images of λ+ and λ− must be the unique irreducible
subrepresentations of
IPn,ψ(|det |
−n
2 ) ⊂ IB,ψ(| · |
−n+ 1
2 , | · |−n+
3
2 , . . . , | · |−
1
2 )
and
IPn−1,ψ(|det |
−n+1
2 , ω−W1,ψ) ⊂ IP,ψ(| · |
−n+ 1
2 , | · |−n+
3
2 , . . . , | · |−
3
2 , ω−W1,ψ),
respectively. The lemma now follows from this and the fact that (ω±Wn,ψ)
∨ = ω±
Wn,ψ−1
. 
5. Global theta lifts
In this section, we introduce global theta lifts and recall some of their basic properties.
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5.1. Notation. Let F be a number field and fix a nontrivial additive character ψ of A/F . Let Wn be
a 2n-dimensional symplectic space over F and Vm a (2m + 1)-dimensional quadratic space over F with
trivial discriminant. We denote by
ωWn,Vm,ψ =
⊗
v
ωWn,v,Vm,v,ψv
the Weil representation of Mp(Wn)(A) ×O(Vm)(A) with respect to ψ, which is equipped with a natural
equivariant map φ 7→ θ(φ) from ωWn,Vm,ψ to the space of left Sp(Wn)(F ) × O(Vm)(F )-invariant smooth
functions on Mp(Wn)(A)×O(Vm)(A) of moderate growth.
For any irreducible genuine cuspidal automorphic representation π of Mp(Wn)(A), we define an auto-
morphic representation ΘWn,Vm,ψ(π) of O(Vm)(A) as the space spanned by all automorphic forms of the
form
θ(f, ϕ)(h) =
∫
Sp(Wn)(F )\Mp(Wn)(A)
θ(f)(g, h)ϕ(g) dg
for f ∈ ωWn,Vm,ψ and ϕ ∈ π. If ΘWn,Vm,ψ(π) is nonzero and is contained in the space of square-integrable
automorphic forms on O(Vm)(A), then by [25, Corollary 7.1.3], ΘWn,Vm,ψ(π) is irreducible and is isomor-
phic to
⊗
v θWn,v,Vm,v,ψv(πv).
Similarly, for any irreducible cuspidal automorphic representation σ of O(Vm)(A), we may define an
automorphic representation ΘWn,Vm,ψ(σ) of Mp(Wn)(A).
5.2. Tower property. Given an irreducible cuspidal automorphic representation σ of O(Vm)(A), we
consider a family of the global theta lifts ΘWn,Vm,ψ(σ) to Mp(Wn)(A) when Wn varies. Let n0 be the
smallest nonnegative integer such that ΘWn0 ,Vm,ψ(σ) is nonzero. Then the tower property [39] says that
• such n0 exists;
• ΘWn0 ,Vm,ψ(σ) is contained in Acusp(Mp(Wn));
• ΘWn,Vm,ψ(σ) is nonzero but is not contained in Acusp(Mp(Wn)) for all n > n0,
where Acusp(Mp(Wn)) denotes the space of genuine cusp forms on Mp(Wn)(A). Moreover, we have the
following refinement by Mœglin [31] and Jiang–Soudry [21, Theorem 3.6] (note that there is a typo in [21,
Theorem 3.6]: n+ a+ 1 should be 2n + a+ 1).
Proposition 5.1. Assume that n > n0 and n + n0 > 2m. Then ΘWn,Vm,ψ(σ) is spanned by residues of
Eisenstein series
Res
s=s0
E(s,Φ),
where s0 =
1
2 (n+ n0 − 2m) and Φ runs over sections of
Ind
Mp(Wn)(A)
P˜n−n0 (A)
(χψ|det |
s
⊠ΘWn0 ,Vm,ψ(σ)).
In particular, ΘWn,Vm,ψ(σ) is orthogonal to Acusp(Mp(Wn)).
Similarly, given an irreducible genuine cuspidal automorphic representation π of Mp(Wn)(A), an anal-
ogous result holds for a family of the global theta lifts ΘWn,Vm,ψ(π) to O(Vm)(A) when Vm varies in a
fixed Witt tower.
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5.3. Nonvanishing. We now discuss the nonvanishing of global theta lifts. For this, it suffices to compute
the Petersson inner products of the global theta lifts. This is achieved by the Rallis inner product formula
[25, 10, 50], which expresses the inner products in terms of special values of automorphic L-functions and
which implies the following.
Proposition 5.2. Let σ be an irreducible cuspidal automorphic representation of O(Vm)(A) and L(s, σ)
its standard L-function. Assume that m ≤ n ≤ 2m and that ΘWn−1,Vm,ψ(σ) is zero. Then ΘWn,Vm,ψ(σ) is
nonzero if and only if
• ΘWn,v,Vm,v,ψv(σv) is nonzero for all v; and
• L(s, σ) is holomorphic and nonzero at s = n−m+ 12 .
An analogous result also holds for global theta lifts in the other direction, but in this paper, we only
need the following weaker result, which is a consequence of the regularized Siegel–Weil formula [25, 20, 48]
(see also the argument in the proof of [25, Theorem 7.2.5]).
Proposition 5.3. Let π be an irreducible genuine cuspidal automorphic representation of Mp(Wn)(A)
and LSψ(s, π) its partial standard L-function relative to ψ, where S is a sufficiently large finite set of places
of F .
(i) Assume that m < n and that LSψ(s, π) has a pole at s = n −m +
1
2 . Then there exits a (2m + 1)-
dimensional quadratic space Vm over F with trivial discriminant such that ΘWn,Vm,ψ(π) is nonzero.
(ii) Assume that m = n and that LSψ(s, π) is holomorphic and nonzero at s =
1
2 . Then there exits a
(2n + 1)-dimensional quadratic space Vn over F with trivial discriminant such that ΘWn,Vn,ψ(π) is
nonzero.
6. The residual spectrum of Mp4
Recall the decomposition
L2disc(Mp4) = L
2
cusp(Mp4)⊕ L
2
res(Mp4)
of the discrete spectrum into the cuspidal and residual spectra, and the further decomposition
L2res(Mp4) = L
2
P1
(Mp4)⊕ L
2
P2
(Mp4)⊕ L
2
B(Mp4)
according to cuspidal supports. In this section, we review the result of Gao [14] which describes the
structure of L2res(Mp4).
6.1. Notation. Let F be a number field with ade`le ringA and fix a nontrivial additive character ψ of A/F .
As in §3.1, let Pk be the parabolic subgroup of Sp2n associated to a sequence k = (k1, . . . , km) of positive
integers such that k1+ · · ·+km ≤ n, so that its Levi component is isomorphic to GLk1×· · ·×GLkm×Sp2n0
with n0 = n− k1−· · ·− km. For any irreducible representation τi of GLki(A) and any irreducible genuine
representation π of Mp2n0(A) such that IPk,ψv(τ1,v, . . . , τm,v, πv) is a standard module for all v, we set
JPk,ψ(τ1, . . . , τm, π) =
⊗
v
JPk,ψv(τ1,v, . . . , τm,v, πv).
6.2. Structure of L2P1(Mp4). Recall that P1 = P(1) is the maximal parabolic subgroup of Sp4 with Levi
component GL1×Sp2. Recall also that, if π is an irreducible genuine cuspidal automorphic representation
of Mp2(A), then the associated global A-parameter φ is of the form
• φ = ρ⊠S1 for some irreducible cuspidal automorphic representation ρ of GL2(A) with trivial central
character; or
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• φ = χ ⊠ S2 for some quadratic automorphic character χ = χa of A
× with a ∈ F×, in which case
there is a nonempty finite set S(π) of places of F of even cardinality such that
πv ∼=
{
JB,ψv (χv| · |
1
2
v ) if v /∈ S(π);
ω−W1,v,ψa,v if v ∈ S(π).
By [14, Theorem 4.5], we have
L2P1(Mp4) = L
2
P1
(Mp4)pr ⊕ L
2
P1
(Mp4)SK ⊕ L
2
P1
(Mp4)HPS
with
L2P1(Mp4)pr
∼=
⊕
χ
⊕
π
JP1,ψ(χ| · |
3
2 , π),(6.1)
L2P1(Mp4)SK
∼=
⊕
χ,ρ
⊕
π
JP1,ψ(χ| · |
1
2 , π),(6.2)
L2P1(Mp4)HPS
∼=
⊕
χ1,χ2
⊕
π
JP1,ψ(χ1| · |
1
2 , π),(6.3)
where
• in (6.1), χ runs over quadratic automorphic characters of A×, and π runs over irreducible genuine
cuspidal automorphic representations of Mp2(A) with A-parameter χ⊠ S2;
• in (6.2), χ, ρ run over pairs of a quadratic automorphic character of A× and an irreducible cuspidal
automorphic representation of GL2(A) with trivial central character such that L(
1
2 , ρ× χ) 6= 0, and
π runs over irreducible genuine cuspidal automorphic representations of Mp2(A) with A-parameter
ρ⊠ S1;
• in (6.3), χ1, χ2 run over ordered pairs of distinct quadratic automorphic characters of A
×, and π runs
over irreducible genuine cuspidal automorphic representations of Mp2(A) with A-parameter χ2 ⊠ S2
such that χ1,v 6= χ2,v for all v ∈ S(π).
Note that
• JP1,ψ(χ|·|
3
2 , π) in (6.1) belongs to the near equivalence class determined by the principal A-parameter
χ⊠ S4;
• JP1,ψ(χ| · |
1
2 , π) in (6.2) belongs to the near equivalence class determined by the A-parameter (ρ ⊠
S1)⊕ (χ⊠ S2) of Saito–Kurokawa type;
• JP1,ψ(χ1| · |
1
2 , π) in (6.3) belongs to the near equivalence class determined by the A-parameter (χ1 ⊠
S2)⊕ (χ2 ⊠ S2) of Howe–Piatetski-Shapiro type.
6.3. Structure of L2P2(Mp4). Recall that P2 = P(2) is the maximal parabolic subgroup of Sp4 with Levi
component GL2. By [14, Theorem 3.4], we have
L2P2(Mp4)
∼=
⊕
ρ
JP2,ψ(ρ⊗ |det |
1
2 ),
where ρ runs over irreducible dihedral cuspidal automorphic representations of GL2(A) with nontrivial
quadratic central characters. Note that JP2,ψ(ρ⊗|det |
1
2 ) belongs to the near equivalence class determined
by the A-parameter ρ⊠ S2 of Soudry type.
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6.4. Structure of L2B(Mp4). Recall that B = P(1,1) is the Borel subgroup of Sp4 with Levi component
GL1 ×GL1. By [14, Theorem 5.10], we have
L2B(Mp4) = L
2
B(Mp4)pr ⊕ L
2
B(Mp4)HPS
with
L2B(Mp4)pr
∼=
⊕
χ
JB,ψ(χ| · |
3
2 , χ| · |
1
2 ),(6.4)
L2B(Mp4)HPS
∼=
⊕
χ1,χ2
JB,ψ(χ1| · |
1
2 , χ2| · |
1
2 ),(6.5)
where
• in (6.4), χ runs over quadratic automorphic characters of A×;
• in (6.5), χ1, χ2 run over unordered pairs of distinct quadratic automorphic characters of A
×.
Note that
• JB,ψ(χ| · |
3
2 , χ| · |
1
2 ) in (6.4) belongs to the near equivalence class determined by the principal A-
parameter χ⊠ S4;
• JB,ψ(χ1| · |
1
2 , χ2| · |
1
2 ) in (6.5) belongs to the near equivalence class determined by the A-parameter
(χ1 ⊠ S2)⊕ (χ2 ⊠ S2) of Howe–Piatetski-Shapiro type.
7. Principal A-packets
In this section, we construct the A-packet associated to a principal A-parameter
φ = χa ⊠ S4
with a ∈ F×. This is the most degenerate nontempered A-packet and is given by elementary Weil
representations.
7.1. Local A-packets. Suppose that F is local and φ = χa ⊠ S4 is a local A-parameter with a ∈ F
×.
Then we have Sφ ∼= Z/2Z, so that we may identify Ŝφ with µ2. We define the A-packet Πφ,ψ(Mp4) by
Πφ,ψ(Mp4) = {π
ǫ | ǫ ∈ µ2}, π
ǫ = ωǫW2,ψa .
More explicitly, we have
π+ = JB,ψ(χa| · |
3
2 , χa| · |
1
2 ), π− = JP1,ψ(χa| · |
3
2 , ω−W1,ψa)
by Lemma 4.1. Hence Πφ,ψ(Mp4) is multiplicity-free and we have Πϕφ,ψ(Mp4) = {π
+} as required, where
ϕφ is the L-parameter associated to φ and Πϕφ,ψ(Mp4) is its L-packet.
7.2. Structure of L2φ,ψ(Mp4). Suppose that F is global. For ǫ ∈ µ2,A, put
πǫ =
⊗
v
πǫvv ,
where πǫvv is the representation in the local A-packet Πφv,ψv(Mp4) defined above.
Proposition 7.1. We have
L2φ,ψ(Mp4)
∼=
⊕
ǫ
πǫ,
where ǫ runs over elements in µ2,A such that
∏
v ǫv = 1.
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7.3. Proof of Proposition 7.1. For ǫ ∈ µ2,A such that
∏
v ǫv = 1, we may realize the elementary Weil
representation πǫ on the space Vǫ of the associated theta functions on Mp4(A). Indeed, by the tower
property and Proposition 5.1, Vǫ is nonzero and is contained in L2res(Mp4). Moreover, by the description
of L2res(Mp4) in §6 (see in particular (6.1) and (6.4)), we have
(7.1) L2φ,ψ(Mp4) ∩ L
2
res(Mp4) =
⊕
ǫ
Vǫ,
where ǫ runs over elements in µ2,A such that
∏
v ǫv = 1.
It remains to show that the orthogonal complement of
⊕
ǫ V
ǫ in L2φ,ψ(Mp4) is zero. Suppose on the
contrary that there exists an irreducible genuine automorphic representation π of Mp4(A) occurring in
this orthogonal complement. Then π is cuspidal by (7.1) and we have
LSψa(s, π) = ζ
S(s+ 32 ) · ζ
S(s+ 12) · ζ
S(s − 12 ) · ζ
S(s− 32),
where S is a sufficiently large finite set of places of F . Since LSψa(s, π) has a pole at s =
5
2 , it follows from
Proposition 5.3 that the global theta lift ΘW2,V +0 ,ψa
(π) to O(V +0 )(A) is nonzero. Hence, by the adjunction
formula, π is not orthogonal to Vǫ for some ǫ ∈ µ2,A such that
∏
v ǫv = 1, which is a contradiction. This
completes the proof of Proposition 7.1.
8. A-packets of Saito–Kurokawa type
In this section, we construct the A-packet associated to an A-parameter of Saito–Kurokawa type
φ = (ρ⊠ S1)⊕ (χa ⊠ S2)
with an irreducible cuspidal automorphic representation ρ of GL2(A) with trivial central character and
a ∈ F×. Since the associated character ǫ˜φ is nontrivial, this is the most interesting nontempered A-packet
from the viewpoint of the multiplicity formula.
8.1. Local A-packets. Suppose that F is local and φ = (ρ ⊠ S1) ⊕ (χa ⊠ S2) is a local A-parameter
with a 2-dimensional symplectic almost tempered representation ρ of LF and a ∈ F
×. Here we say that
a representation ρ of LF is almost tempered if, for any irreducible summand ρ0 of ρ, the image of WF
under ρ0| · |
−s0 is bounded for some s0 ∈ R with |s0| <
1
2 . Then we have
Sφ ∼=
{
(Z/2Z)2 if ρ is irreducible;
(Z/2Z)2/(Z/2Z ⊕ {0}) if ρ is reducible,
so that we may identify Ŝφ with {
µ2 × µ2 if ρ is irreducible;
{1} × µ2 if ρ is reducible.
We construct the associated A-packet by using theta lifts from O(V1), where V1 is a 3-dimensional
quadratic space over F with trivial discriminant. As explained in §3.2, up to isometry, there are precisely
two such quadratic spaces V +1 and V
−
1 when F is nonarchimedean or F = R, and there is a unique such
quadratic space V +1 when F = C. For ǫ ∈ µ2, we may identify SO(V
ǫ
1 ) with
(Bǫ)×/F×
for some quaternion algebra Bǫ over F . Let σǫ0 be the irreducible representation of (B
ǫ)× with L-parameter
ρ ⊗ χa. Here σ
−
0 does not exist if ρ is reducible, in which case we interpret σ
−
0 as zero. Since ρ ⊗ χa is
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symplectic, we may regard σǫ0 as a representation of SO(V
ǫ
1 ). For ǫ, ǫ
′ ∈ µ2, let σ
ǫ,ǫ′ be the ǫ′-extension of
σǫ0 to O(V
ǫ
1 ). Let ǫ1, ǫ2 ∈ µ2 be such that
(8.1) ǫ = ǫ1 · ǫ(
1
2 , ρ) · ǫ(
1
2 , ρ× χa) · χa(−1), ǫ
′ = ǫ1 · ǫ2 · ǫ(
1
2 , ρ) · χa(−1).
Note that ǫ = ǫ1 if ρ is reducible.
Lemma 8.1. (i) The theta lift θW1,V ǫ1 ,ψa(σ
ǫ,ǫ′) to Mp2(F ) is nonzero if and only if one of the following
holds:
• ρ is irreducible and ǫ2 = 1;
• ρ is reducible and ǫ1 = ǫ2 = 1.
(ii) The theta lift θW2,V ǫ1 ,ψa(σ
ǫ,ǫ′) to Mp4(F ) is nonzero if and only if one of the following holds:
• ρ is irreducible and
· if F is nonarchimedean and ρ = χa ⊠ S2, or F = R and ρ = D 1
2
, then
(ǫ1, ǫ2) 6=
{
(1,−1) if χa 6= 1;
(−1,−1) if χa = 1;
· otherwise, ǫ1, ǫ2 are arbitrary;
• ρ is reducible and ǫ1 = 1.
Proof. The assertions (i) and (ii) follow from (A.2) and Lemma A.1 below, respectively. 
We now define the A-packet Πφ,ψ(Mp4) by
Πφ,ψ(Mp4) = {π
ǫ1,ǫ2 | ǫ1, ǫ2 ∈ µ2}, π
ǫ1,ǫ2 = θW2,V ǫ1 ,ψa(σ
ǫ,ǫ′),
where ǫ, ǫ′ ∈ µ2 are as in (8.1). Then, by Lemma A.2 below, Πφ,ψ(Mp4) is multiplicity-free. Moreover,
since
πǫ1,+ = JP1,ψ(χa| · |
1
2 , θW1,V ǫ1 ,ψa(σ
ǫ,ǫ′))
by Lemma A.3 below, we have Πϕφ,ψ(Mp4) = {π
+,+, π−,+} if ρ is irreducible and Πϕφ,ψ(Mp4) = {π
+,+}
if ρ is reducible as required, where ϕφ is the L-parameter associated to φ and Πϕφ,ψ(Mp4) is its L-packet.
In Appendix C below, we will describe πǫ1,ǫ2 explicitly.
8.2. Structure of L2φ,ψ(Mp4). Suppose that F is global. For ǫ1, ǫ2 ∈ µ2,A, put
πǫ1,ǫ2 =
⊗
v
π
ǫ1,v,ǫ2,v
v ,
where π
ǫ1,v,ǫ2,v
v is the representation in the local A-packet Πφv,ψv(Mp4) defined above.
Proposition 8.2. We have
L2φ,ψ(Mp4)
∼=
⊕
ǫ1,ǫ2
πǫ1,ǫ2 ,
where ǫ1, ǫ2 run over elements in µ2,A such that
(8.2)
∏
v
ǫ1,v = ǫ(
1
2 , ρ) · ǫ(
1
2 , ρ× χa),
∏
v
ǫ2,v = ǫ(
1
2 , ρ× χa).
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8.3. Proof of Proposition 8.2. For ǫ1, ǫ2 ∈ µ2,A satisfying (8.2), we define ǫ, ǫ
′ ∈ µ2,A by
ǫv = ǫ1,v · ǫ(
1
2 , ρv) · ǫ(
1
2 , ρv × χa,v) · χa,v(−1), ǫ
′
v = ǫ1,v · ǫ2,v · ǫ(
1
2 , ρv) · χa,v(−1),
so that
∏
v ǫv =
∏
v ǫ
′
v = 1. Put
σǫ,ǫ
′
=
⊗
v
σǫv,ǫ
′
v
v ,
where σ
ǫv,ǫ
′
v
v is the representation of O(V
ǫv
1,v) defined above with L-parameter ρv ⊗χa,v. If σ
ǫ,ǫ′ is nonzero,
then σǫ,ǫ
′
is an irreducible cuspidal automorphic representation of O(V ǫ1 )(A), where V
ǫ
1 is the 3-dimensional
quadratic space over F with trivial discriminant such that V ǫ1 ⊗F Fv = V
ǫv
1,v for all v.
We may realize πǫ1,ǫ2 on the global theta lift
Vǫ1,ǫ2 = ΘW2,V ǫ1 ,ψa(σ
ǫ,ǫ′).
Indeed, by the tower property and Propositions 5.1, 5.2, we have
• if the abstract representation πǫ1,ǫ2 is nonzero, then the global theta lift Vǫ1,ǫ2 is nonzero;
• if ǫ2,v = 1 for all v and L(
1
2 , ρ× χa) is nonzero, then V
ǫ1,ǫ2 is contained in L2res(Mp4);
• otherwise, Vǫ1,ǫ2 is contained in L2cusp(Mp4).
Moreover, by the description of L2res(Mp4) in §6 (see in particular (6.2)), we have
(8.3) L2φ,ψ(Mp4) ∩ L
2
res(Mp4) ⊂
⊕
ǫ1,ǫ2
Vǫ1,ǫ2 ,
where ǫ1, ǫ2 run over elements in µ2,A satisfying (8.2).
It remains to show that the orthogonal complement of
⊕
ǫ1,ǫ2
Vǫ1,ǫ2 in L2φ,ψ(Mp4) is zero. Suppose on
the contrary that there exists an irreducible genuine automorphic representation π of Mp4(A) occurring
in this orthogonal complement. Then π is cuspidal by (8.3) and we have
LSψa(s, π) = L
S(s, ρ× χa) · ζ
S(s+ 12) · ζ
S(s− 12),
where S is a sufficiently large finite set of places of F . Since LSψa(s, π) has a pole at s =
3
2 , it follows from
Proposition 5.3 that the global theta lift ΘW2,V ǫ1 ,ψa(π) to O(V
ǫ
1 )(A) is nonzero for some ǫ ∈ µ2,A such that∏
v ǫv = 1. Moreover, since θW2,v,V ǫv1,v,ψa,v(πv)
∼= σ
+,+
v for almost all v, we have ΘW2,V ǫ1 ,ψa(π) = σ
ǫ,ǫ′ for
some ǫ′ ∈ µ2,A such that
∏
v ǫ
′
v = 1 by the strong multiplicity one theorem. Hence, by the adjunction
formula, π is not orthogonal to Vǫ1,ǫ2 for some ǫ1, ǫ2 ∈ µ2,A satisfying (8.2), which is a contradiction. This
completes the proof of Proposition 8.2.
9. A-packets of Howe–Piatetski-Shapiro type
In this section, we construct the A-packet associated to an A-parameter of Howe–Piatetski-Shapiro
type
φ = (χa ⊠ S2)⊕ (χb ⊠ S2)
with a, b ∈ F× such that χa 6= χb.
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9.1. Local A-packets. Suppose that F is local and φ = (χa ⊠ S2) ⊕ (χb ⊠ S2) is a local A-parameter
with a, b ∈ F×. Then we have
Sφ ∼=
{
(Z/2Z)2 if χa 6= χb;
(Z/2Z)2/∆Z/2Z if χa = χb,
so that we may identify Ŝφ with {
µ2 × µ2 if χa 6= χb;
∆µ2 if χa = χb.
We construct the associated A-packet by using theta lifts from O(V1) as in §8.1, but with the L-
parameter ρ⊠S1 replaced by the A-parameter χb⊠S2. For ǫ ∈ µ2, let σ
ǫ
0 be the irreducible representation
of (Bǫ)× with A-parameter χab ⊠ S2, i.e.
σǫ0 = χab ◦NBǫ ,
where NBǫ is the reduced norm on B
ǫ. Here σ−0 does not exist if F = C, in which case we interpret σ
−
0
as zero. We may regard σǫ0 as a representation of SO(V
ǫ
1 ). For ǫ, ǫ
′ ∈ µ2, let σ
ǫ,ǫ′ be the ǫ′-extension of σǫ0
to O(V ǫ1 ). Let ǫ1, ǫ2 ∈ µ2 be such that
(9.1) ǫ = ǫ2, ǫ
′ = ǫ1 · ǫ2 · χab(−1).
Lemma 9.1. (i) The theta lift θW1,V ǫ1 ,ψa(σ
ǫ,ǫ′) to Mp2(F ) is nonzero if and only if one of the following
holds:
• F 6= C, χa 6= χb, and ǫ1 = 1;
• F 6= C, χa = χb, and ǫ1 = ǫ2;
• F = C (so that χa = χb) and ǫ1 = ǫ2 = 1.
(ii) The theta lift θW2,V ǫ1 ,ψa(σ
ǫ,ǫ′) to Mp4(F ) is nonzero if and only if one of the following holds:
• F is nonarchimedean, χa 6= χb, and ǫ1, ǫ2 are arbitrary;
• F = R, χa 6= χb, and (ǫ1, ǫ2) 6= (−1,−1);
• F 6= C, χa = χb, and ǫ1 = ǫ2;
• F = C (so that χa = χb) and ǫ1 = ǫ2 = 1.
Proof. The assertions (i) and (ii) follow from (A.2) and Lemma A.1 below, respectively. 
We now define the A-packet Πφ,ψ(Mp4) by
Πφ,ψ(Mp4) = {π
ǫ1,ǫ2 | ǫ1, ǫ2 ∈ µ2}, π
ǫ1,ǫ2 = θW2,V ǫ1 ,ψa(σ
ǫ,ǫ′),
where ǫ, ǫ′ ∈ µ2 are as in (9.1). Then, by Lemma A.2 below, Πφ,ψ(Mp4) is multiplicity-free. Moreover,
since
π+,+ = JB,ψ(χa| · |
1
2 , χb| · |
1
2 )
by Lemma A.4 below, we have Πϕφ,ψ(Mp4) = {π
+,+} as required, where ϕφ is the L-parameter associated
to φ and Πϕφ,ψ(Mp4) is its L-packet. In Appendix C below, we will describe π
ǫ1,ǫ2 explicitly. We only
remark that if χa 6= χb, then it follows from Lemmas A.4 and A.5 below that
π+,− = JP1,ψ(χa| · |
1
2 , ω−W1,ψb), π
−,+ = JP1,ψ(χb| · |
1
2 , ω−W1,ψa),
which we will use later.
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9.2. Structure of L2φ,ψ(Mp4). Suppose that F is global. For ǫ1, ǫ2 ∈ µ2,A, put
πǫ1,ǫ2 =
⊗
v
π
ǫ1,v,ǫ2,v
v ,
where π
ǫ1,v,ǫ2,v
v is the representation in the local A-packet Πφv,ψv(Mp4) defined above.
Proposition 9.2. We have
L2φ,ψ(Mp4)
∼=
⊕
ǫ1,ǫ2
πǫ1,ǫ2 ,
where ǫ1, ǫ2 run over elements in µ2,A such that
∏
v ǫ1,v =
∏
v ǫ2,v = 1.
9.3. Proof of Proposition 9.2. The proof is similar to that of Proposition 8.2. For ǫ1, ǫ2 ∈ µ2,A such
that
∏
v ǫ1,v =
∏
v ǫ2,v = 1, we define ǫ, ǫ
′ ∈ µ2,A by
ǫv = ǫ2,v, ǫ
′
v = ǫ1,v · ǫ2,v · χab,v(−1),
so that
∏
v ǫv =
∏
v ǫ
′
v = 1. Put
σǫ,ǫ
′
=
⊗
v
σǫv,ǫ
′
v
v ,
where σ
ǫv,ǫ
′
v
v is the representation of O(V
ǫv
1,v) defined above with A-parameter χab,v⊠S2. If σ
ǫ,ǫ′ is nonzero,
then σǫ,ǫ
′
is a 1-dimensional automorphic representation of O(V ǫ1 )(A), where V
ǫ
1 is the 3-dimensional
quadratic space over F with trivial discriminant such that V ǫ1 ⊗F Fv = V
ǫv
1,v for all v.
Suppose that ǫ2,v 6= 1 for some v, so that V
ǫ
1 is anisotropic and σ
ǫ,ǫ′ is cuspidal. Then we may realize
πǫ1,ǫ2 on the global theta lift
Vǫ1,ǫ2 = ΘW2,V ǫ1 ,ψa(σ
ǫ,ǫ′).
Indeed, by the tower property and Propositions 5.1, 5.2, we have:
• if the abstract representation πǫ1,ǫ2 is nonzero, then the global theta lift Vǫ1,ǫ2 is nonzero;
• if
ǫ1,v =
{
1 if χa,v 6= χb,v;
ǫ2,v if χa,v = χb,v
for all v, then Vǫ1,ǫ2 is contained in L2res(Mp4);
• otherwise, Vǫ1,ǫ2 is contained in L2cusp(Mp4).
Moreover, by the description of L2res(Mp4) in §6 (see in particular (6.3) and (6.5)), we may realize π
ǫ1,ǫ2
on a subspace Vǫ1,ǫ2 of L2res(Mp4) even if ǫ2,v = 1 for all v, and we have
(9.2) L2φ,ψ(Mp4) ∩ L
2
res(Mp4) ⊂
⊕
ǫ1,ǫ2
Vǫ1,ǫ2 ,
where ǫ1, ǫ2 run over elements in µ2,A such that
∏
v ǫ1,v =
∏
v ǫ2,v = 1.
It remains to show that the orthogonal complement of
⊕
ǫ1,ǫ2
Vǫ1,ǫ2 in L2φ,ψ(Mp4) is zero. Suppose on
the contrary that there exists an irreducible genuine automorphic representation π of Mp4(A) occurring
in this orthogonal complement. Then π is cuspidal by (9.2) and we have
LSψa(s, π) = ζ
S(s+ 12) · ζ
S(s − 12 ) · L
S(s+ 12 , χab) · L
S(s − 12 , χab),
where S is a sufficiently large finite set of places of F . Since LSψa(s, π) has a pole at s =
3
2 , it follows from
Proposition 5.3 that the global theta lift ΘW2,V ǫ1 ,ψa(π) to O(V
ǫ
1 )(A) is nonzero for some ǫ ∈ µ2,A such
that
∏
v ǫv = 1. Moreover, since θW2,v,V ǫv1,v ,ψa,v(πv)
∼= σ
+,+
v for almost all v, we have ΘW2,V ǫ1 ,ψa(π) = σ
ǫ,ǫ′
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for some ǫ′ ∈ µ2,A such that
∏
v ǫ
′
v = 1 by the strong multiplicity one theorem. Hence, if ǫv 6= 1 for
some v, then by the adjunction formula, π is not orthogonal to Vǫ1,ǫ2 for some ǫ1, ǫ2 ∈ µ2,A such that∏
v ǫ1,v =
∏
v ǫ2,v = 1 and ǫ2,v 6= 1 for some v, which is a contradiction. This forces ǫv = 1 for all v,
i.e. V ǫ1 = V
+
1 . Since σ
ǫ,ǫ′ is not cuspidal, the global theta lift ΘW2,V +0 ,ψa
(π) to O(V +0 )(A) is nonzero by
the tower property, so that
πv ∼= JB,ψv (χa,v| · |
3
2
v , χa,v| · |
1
2
v )
for almost all v. This contradicts the assumption that π occurs in L2φ,ψ(Mp4) and completes the proof of
Proposition 9.2.
10. A-packets of Soudry type
In this section, we construct the A-packet associated to an A-parameter of Soudry type
φ = ρ⊠ S2
with an irreducible dihedral cuspidal automorphic representation ρ of GL2(A) with nontrivial quadratic
central character. This is the most troublesome nontempered A-packet in the sense that unlike the other
nontempered A-packets, it cannot be constructed by using theta lifts from smaller orthogonal groups. We
will deal with it in the same way as [8], where we dealt with the tempered A-packets by using theta lifts
to much larger orthogonal groups.
10.1. Local A-packets. Suppose that F is local and φ = ρ ⊠ S2 is a local A-parameter with a 2-
dimensional orthogonal tempered representation ρ of LF . Note that such ρ can be regarded as a repre-
sentation of WF . We construct the associated A-packet
Πφ,ψ(Mp4) = {πη | η ∈ Ŝφ}
in a nonuniform way depending on whether ρ is irreducible or not.
10.1.1. The reducible case. Suppose that ρ is reducible. Then ρ is of the form either
ρ = χ⊕ χ−1
for some unitary character χ of F× such that χ2 6= 1, or
ρ = χa ⊕ χb
for some a, b ∈ F×. In the former case, Sφ is trivial and we define the unique representation in Πφ,ψ(Mp4)
as the unique irreducible genuine representation of Mp4(F ) with L-parameter ϕφ associated to φ. In the
latter case, φ is of Howe–Piatetski-Shapiro type and we have already constructed Πφ,ψ(Mp4) in §9.1.
10.1.2. The irreducible case. Suppose that ρ is irreducible. Then either F is nonarchimedean or F = R.
Also, we have Sφ ∼= Z/2Z, so that we may identify Ŝφ with µ2. We define the A-packet Πφ,ψ(Mp4) by
Πφ,ψ(Mp4) = {π
ǫ | ǫ ∈ µ2}
with the representation πǫ given as follows. Put
π+ = JP2,ψ(τ ⊗ |det |
1
2 ),
where τ is the irreducible square-integrable representation of GL2(F ) with L-parameter ρ. When F is
nonarchimedean, we consider a symplectic representation ϕ = ρ⊠ S2 of LF =WF × SL2(C) and put
π− = π−ϕ ,
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where π−ϕ is the irreducible genuine square-integrable representation of Mp4(F ) with L-parameter ϕ
(relative to ψ) associated to the nontrivial character of Sϕ ∼= Z/2Z. When F = R, we write ρ = Dκ with
some positive integer κ and put
π− = πΛ ⊕ π
∨
Λ,
where πΛ is the genuine discrete series representation of Mp4(R) with lowest U˜(2)-type Λ = (κ+
3
2 , κ+
3
2).
This is the only instance of a reducible representation of Mp4(F ) in an A-packet.
10.2. Structure of L2φ,ψ(Mp4). Suppose that F is global. For η ∈ Ŝφ,A, put
πη =
⊗
v
πηv ,
where πηv is the representation in the local A-packet Πφv,ψv(Mp4) defined above.
Proposition 10.1. We have
L2φ,ψ(Mp4)
∼=
⊕
η
πη,
where η runs over elements in Ŝφ,A such that ∆
∗η = 1.
10.3. The multiplicity preservation. Since we have constructed the local A-packet Πφv ,ψv(Mp4) in a
nonuniform way, it is somewhat tricky to construct the near equivalence class L2φ,ψ(Mp4). We follow [8]
and appeal to some result of J.-S. Li [27] on theta lifts in the stable range. Namely, we fix an integer r > 3
(in fact, we will take r = 4 later) and consider (abstract) theta lifts from Mp4(A) to SO2r+5(A), where
SO2r+5 = SO(V
+
r+2) denotes the split odd special orthogonal group of rank r + 2. For any irreducible
genuine unitary representation π of Mp4(A), we may define an irreducible unitary representation θψ(π)
of SO2r+5(A) by
θψ(π) =
⊗
v
θ
W2,v,V
+
r+2,v,ψv
(πv).
Let L2
θ(φ)(SO2r+5) be the near equivalence class in the automorphic discrete spectrum of SO2r+5 deter-
mined by the elliptic A-parameter
θ(φ) = φ⊕ (1⊠ S2r).
Proposition 10.2. Writing
L2φ,ψ(Mp4)
∼=
⊕
π
mφ,ψ(π)π,
where π runs over irreducible genuine unitary representations of Mp4(A) and mφ,ψ(π) is the multiplicity
of π in L2φ,ψ(Mp4), we have
L2θ(φ)(SO2r+5)
∼=
⊕
π
mφ,ψ(π)θψ(π).
Proof. The proof is similar to that of [8, Corollary 4.2]. Put
m(π) = dimCHomMp4(A)(π,A(Mp4)),
mdisc(π) = dimCHomMp4(A)(π,A
2(Mp4)),
where A(Mp4) is the space of genuine automorphic forms on Mp4(A) and A
2(Mp4) is the subspace of
square-integrable automorphic forms. Similarly, for any irreducible unitary representation σ of SO2r+5(A),
we may define its multiplicities m(σ) and mdisc(σ). Then the result of J.-S. Li [27] says that
(10.1) mdisc(π) ≤ mdisc(θψ(π)) ≤ m(θψ(π)) ≤ m(π).
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This and the Howe duality imply that there is an embedding⊕
π
mφ,ψ(π)θψ(π) −֒→ L
2
θ(φ)(SO2r+5).
To show that this embedding is an isomorphism, it suffices to prove the following:
• mdisc(π) = mdisc(θψ(π)) for any irreducible genuine unitary representation π of Mp4(A) such that
the L-parameter of πv (relative to ψv) is ϕφv for almost all v;
• any irreducible summand of L2
θ(φ)(SO2r+5) is isomorphic to θψ(π) for some irreducible summand π
of L2φ,ψ(Mp4).
The first assertion follows from (10.1) and Lemma 10.3 below. The second assertion follows from the first
one as in the proof of [8, Corollary 4.2]. 
Lemma 10.3. Let π be an irreducible genuine unitary representation ofMp4(A) such that the L-parameter
of πv (relative to ψv) is ϕφv for almost all v. Then we have
mdisc(π) = m(π).
Proof. We may assume that m(π) > 0. For any realization of π on a subspace V of A(Mp4), we need to
show that V is contained in A2(Mp4). We may further assume that V is not contained in Acusp(Mp4).
Since the weak lift of π to GL4(A) is
(ρ⊗ |det |
1
2 )⊞ (ρ⊗ |det |−
1
2 ),
where ⊞ denotes the isobaric sum, it follows from the argument in the proof of [8, Proposition 4.1] that
the cuspidal support of V is on P2 and is of the form
ρ⊗ |det |±
1
2 .
In particular, π is a subrepresentation of IP2,ψ(ρ⊗|det |
± 1
2 ). On the other hand, we have πv ∼= JP2,ψv(ρv⊗
|det |
1
2
v ) for almost all v, which does not occur as a subrepresentation of IP2,ψv(ρv ⊗ |det |
1
2
v ). Hence the
cuspidal support of V must be ρ⊗|det |−
1
2 , so that V is contained in A2(Mp4) by the square-integrability
criterion. This completes the proof. 
Remark 10.4. In fact, Proposition 10.2 holds for other elliptic A-parameters for Mp4. We give some
details here in the case of A-parameters of Howe–Piatetski-Shapiro type, which we will use later. Suppose
that φ = (χa⊠S2)⊕ (χb⊠S2) with a, b ∈ F
× such that χa 6= χb. Let π be an irreducible genuine unitary
representation of Mp4(A) such that the L-parameter of πv (relative to ψv) is ϕφv for almost all v, so that
its weak lift to GL4(A) is
χa| · |
1
2 ⊞ χb| · |
1
2 ⊞ χa| · |
− 1
2 ⊞ χb| · |
− 1
2 .
Then, for any realization of π on a subspace V of A(Mp4) which is not contained in Acusp(Mp4), it follows
from the same argument that the cuspidal support of V is on B and is of the form χa| · |
− 1
2 ⊗ χb| · |
− 1
2 .
This implies that mdisc(π) = m(π), from which we can deduce Proposition 10.2 for φ.
10.4. Proof of Proposition 10.1. We first apply Arthur’s multiplicity formula to the near equivalence
class L2
θ(φ)(SO2r+5). For the elliptic A-parameter θ(φ) = φ⊕ (1⊠ S2r), we have
Sθ(φ) ∼= Sφ ⊕ Z/2Z,
where the extra factor Z/2Z corresponds to 1 ⊠ S2r. Similarly, for each place v of F and the local
A-parameter θ(φv) = φv ⊕ (1⊠ S2r), we have
Sθ(φv)
∼= Sφv ⊕ Z/2Z.
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Put
Sθ(φv) = Sθ(φv)/〈zθ(φv)〉,
where zθ(φv) is the image of −1 ∈ Sp2r+4(C) in Sθ(φv). Then we have a natural isomorphism
ιv : Sφv −֒→ Sθ(φv) −։ Sθ(φv).
Let
Πθ(φv)(SO2r+5) = {σξv | ξv ∈ Ŝθ(φv)}
be the local A-packet defined by Arthur [4] consisting of some semisimple representations of SO2r+5(Fv)
of finite length. For ξ ∈ Ŝθ(φ),A, put
σξ =
⊗
v
σξv .
Then, noting that the character ǫθ(φ) associated to θ(φ) is trivial, we deduce from Arthur’s multiplicity
formula [4, Theorem 1.5.2] that
(10.2) L2θ(φ)(SO2r+5)
∼=
⊕
ξ
σξ,
where ξ runs over elements in Ŝθ(φ),A such that ∆
∗ξ = 1.
We now use Proposition 10.2 to transfer the structure of L2
θ(φ)(SO2r+5) to L
2
φ,ψ(Mp4). For ηv ∈ Ŝφv
and ξv = ηv ◦ ι
−1
v ∈ Ŝθ(φv), write
σξv =
⊕
i
mξv,iσξv,i
with some positive integersmξv,i and some pairwise distinct irreducible representations σξv,i of SO2r+5(Fv),
and put
(10.3) π˜ηv =
⊕
i
mξv,iθW2,v,V +r+2,v,ψv
(σξv ,i).
For η ∈ Ŝφ,A, put
π˜η =
⊗
v
π˜ηv .
Then, by Proposition 10.2 and (10.2), we have
L2φ,ψ(Mp4)
∼=
⊕
η
π˜η,
where η runs over elements in Ŝφ,A such that ∆
∗η = 1. Thus, to finish the proof of Proposition 10.1, we
may take r = 4 and need to prove the following.
Proposition 10.5. Assume that r = 4. Then we have
π˜ηv = πηv
for ηv ∈ Ŝφv . Here π˜ηv is defined by (10.3), whereas πηv is defined in §10.1.
This proposition will be proved in the next section. In fact, it holds for any r > 3 when either F is
nonarchimedean or F = C.
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Remark 10.6. We recall the analog of (10.2) here in the case of A-parameters of Howe–Piatetski-Shapiro
type, which we will use later. Suppose that φ = (χa ⊠ S2)⊕ (χb ⊠ S2) with a, b ∈ F
× such that χa 6= χb
and put θ(φ) = φ⊕ (1⊠ S2r). For each place v of F , let
Πθ(φv)(SO2r+5) = {σ
ǫ1,v,ǫ2,v
v | ǫ1,v, ǫ2,v ∈ µ2}
be the local A-packet defined by Arthur [4] consisting of some semisimple representations of SO2r+5(Fv)
of finite length, where we identify Ŝθ(φv) with{
µ2 × µ2 if χa,v 6= χb,v;
∆µ2 if χa,v = χb,v,
and interpret σ
ǫ1,v,ǫ2,v
v as zero if χa,v = χb,v and ǫ1,v 6= ǫ2,v. For ǫ1, ǫ2 ∈ µ2,A, put
σǫ1,ǫ2 =
⊗
v
σ
ǫ1,v ,ǫ2,v
v .
Then, noting that the character ǫθ(φ) associated to θ(φ) is trivial, we deduce from Arthur’s multiplicity
formula [4, Theorem 1.5.2] that
(10.4) L2θ(φ)(SO2r+5)
∼=
⊕
ǫ1,ǫ2
σǫ1,ǫ2 ,
where ǫ1, ǫ2 run over elements in µ2,A such that
∏
v ǫ1,v =
∏
v ǫ2,v = 1.
11. Proof of Proposition 10.5
Suppose that F is local and consider local A-parameters
φ = ρ⊠ S2, θ(φ) = φ⊕ (1⊠ S2r)
with a 2-dimensional orthogonal tempered representation ρ of LF and an integer r > 3. Let
Πφ,ψ(Mp4) = {πη | η ∈ Ŝφ}, Πθ(φ)(SO2r+5) = {σξ | ξ ∈ Ŝθ(φ)}
be the associated A-packets. Note that πη is irreducible unless F = R, ρ is irreducible, and η is nontrivial.
We denote by
θψ = θW2,V +r+2,ψ
the theta lift from Mp4 = Mp(W2) to SO2r+5 = SO(V
+
r+2). For any semisimple genuine representation π
of Mp4(F ) of finite length, write π =
⊕
imiπi with some positive integers mi and some pairwise distinct
irreducible genuine representations πi of Mp4(F ), and put
θψ(π) =
⊕
i
miθψ(πi).
Then we need to show that
θψ(πη) = σξ
for η ∈ Ŝφ and ξ = η ◦ ι
−1 ∈ Ŝθ(φ) (under the assumption that r = 4 when F = R), where ι : Sφ →֒
Sθ(φ) ։ Sθ(φ) is the natural isomorphism.
We will consider the various cases in turn.
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11.1. The reducible case I. Suppose that ρ = χ ⊕ χ−1 for some unitary character χ of F× such
that χ2 6= 1. We denote by πφ and σθ(φ) the unique representations in Πφ,ψ(Mp4) and Πθ(φ)(SO2r+5),
respectively. By definition, we have
πφ = JB,ψ(χ| · |
1
2 , χ−1| · |
1
2 ).
Also, by the inductive property of A-packets [33, §4.2], [34, §6], [35, §5], we have
σθ(φ) = IQ2(χ ◦ det, 1),
where the right-hand side is irreducible. In fact, the right-hand side is a quotient of
IQ(χ| · |
1
2 , χ| · |−
1
2 , | · |r−
1
2 , | · |r−
3
2 , . . . , | · |
1
2 ) ∼= IQ(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
1
2 , χ| · |
1
2 , χ−1| · |
1
2 ),
where Q = Q(1r+2), so that σθ(φ) is the unique irreducible representation of SO2r+5(F ) with L-parameter
ϕθ(φ). Hence, by Lemma B.1 below, we have
θψ(πφ) = σθ(φ).
11.2. The reducible case II. Suppose that ρ = χa ⊕ χb for some a, b ∈ F
×. For ǫ1, ǫ2 ∈ µ2, we denote
by πǫ1,ǫ2 and σǫ1,ǫ2 the representations in Πφ,ψ(Mp4) and Πθ(φ)(SO2r+5) associated to (ǫ1, ǫ2), respectively,
where we identify Ŝφ ∼= Ŝθ(φ) with a subgroup of µ2 × µ2. By definition, we have
π+,+ = πφ,
where πφ is the unique irreducible genuine representation of Mp4(F ) with L-parameter ϕφ (relative to
ψ). Also, by [4, Proposition 7.4.1], we have
(11.1) σ+,+ ⊃ σθ(φ),
where σθ(φ) is the unique irreducible representation of SO2r+5(F ) with L-parameter ϕθ(φ). Moreover, if
F is nonarchimedean and χa 6= χb, then the A-parameter θ(φ) is elementary in the sense of Mœglin [32]
and we can describe σǫ1,ǫ2 explicitly. For example, if further χa, χb, 1 are pairwise distinct, then we have
σ+,+ = JQ(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
1
2 , χa| · |
1
2 , χb| · |
1
2 ),
σ+,− = JQ′(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
3
2 , χa| · |
1
2 , σ−ϕb),
σ−,+ = JQ′(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
3
2 , χb| · |
1
2 , σ−ϕa)
by her explicit construction of A-packets (see also [49, §6]). Here Q = Q(1r+2), Q
′ = Q(1r), and for
any c ∈ F× such that χc 6= 1, σ
−
ϕc
is the irreducible square-integrable representation of SO5(F ) with
L-parameter ϕc = (χc ⊠ S2)⊕ (1⊠ S2) associated to the nontrivial character of Sϕc
∼= Z/2Z.
Lemma 11.1. The A-packet Πθ(φ)(SO2r+5) is multiplicity-free.
Proof. In a more general context, the assertion was completely proved by Mœglin [33] when F is nonar-
chimedean and by Mœglin–Renard [34] when F = C, and was largely proved by Mœglin–Renard [36, 37]
when F = R. Here we give a proof based on theta lifts.
Fix the following data:
• a number field F with ade`le ring A and distinct places v0, v1 such that Fv0 = Fv1 = F ;
• a nontrivial additive character Ψ of A/F such that Ψv0 , Ψv1 belong to the (F
×)2-orbit of ψ;
• α, β ∈ F× such that χα,v0 = χα,v1 = χa, χβ,v0 = χβ,v1 = χb, and χα 6= χβ.
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Put
Φ = (χα ⊠ S2)⊕ (χβ ⊠ S2),
so that Φv0 = Φv1 = φ. Then, by (10.4), there is an embedding( ⊕
ǫ1,ǫ2∈µ2
(σǫ1,ǫ2 ⊗ σǫ1,ǫ2)
)
⊗
( ⊗
v 6=v0,v1
σθ(Φv)
)
−֒→ L2θ(Φ)(SO2r+5),
where θ(Φ) = Φ ⊕ (1 ⊠ S2r) and σθ(Φv) is the unique irreducible representation of SO2r+5(Fv) with L-
parameter ϕθ(Φv). Hence, for any irreducible representation σ of SO2r+5(F ), we have∑
ǫ1,ǫ2∈µ2
mǫ1,ǫ2(σ)2 ≤ mdisc(Σ),
where
mǫ1,ǫ2(σ) = dimCHomSO2r+5(F )(σ, σ
ǫ1,ǫ2)
and Σ is the irreducible representation of SO2r+5(A) such that
• Σv0 = Σv1 = σ;
• Σv = σθ(Φv) for all v 6= v0, v1.
On the other hand, by Proposition 9.2 and the analog of Proposition 10.2 for A-parameters of Howe–
Piatetski-Shapiro type (see Remark 10.4), we have mdisc(Σ) ≤ 1, so that∑
ǫ1,ǫ2∈µ2
mǫ1,ǫ2(σ)2 ≤ 1.
This implies the assertion. 
We denote by JH(Πθ(φ)(SO2r+5)) the set of irreducible representations of SO2r+5(F ) occurring in σ
ǫ1,ǫ2
for some ǫ1, ǫ2 ∈ µ2.
Lemma 11.2. The theta lift induces a bijection
θψ : Πφ,ψ(Mp4) −→ JH(Πθ(φ)(SO2r+5)).
Proof. Let F, v0, v1, Φ, Ψ be as in the proof of Lemma 11.1. For a given π ∈ Πφ,ψ(Mp4), let Π be the
irreducible genuine representation of Mp4(A) such that
• Πv0 = Πv1 = π;
• Πv = πΦv for all v 6= v0, v1,
where πΦv is the unique irreducible genuine representation of Mp4(Fv) with L-parameter ϕΦv (relative to
Ψv). Then Π occurs in L
2
Φ,Ψ (Mp4) by Proposition 9.2, so that θΨ(Π) occurs in L
2
θ(Φ)(SO2r+5) by Remark
10.4. In particular, we have
θψ(π) = θΨ (Π)v0 ∈ JH(Πθ(φ)(SO2r+5)).
This defines a map θψ : Πφ,ψ(Mp4)→ JH(Πθ(φ)(SO2r+5)), which is injective by the Howe duality.
Conversely, for a given σ ∈ JH(Πθ(φ)(SO2r+5)), let Σ be the irreducible representation of SO2r+5(A)
such that
• Σv0 = Σv1 = σ;
• Σv = σθ(Φv) for all v 6= v0, v1.
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Then Σ occurs in L2
θ(Φ)(SO2r+5) by (10.4), so that θΨ(Σ) occurs in L
2
Φ,Ψ (Mp4) by Remark 10.4. In
particular, we have
θψ(σ) = θΨ (Σ)v0 ∈ Πφ,ψ(Mp4).
This implies that the map θψ : Πφ,ψ(Mp4)→ JH(Πθ(φ)(SO2r+5)) is surjective. 
Lemma 11.3. For any ǫ1, ǫ2 ∈ µ2, σ
ǫ1,ǫ2 is either zero or irreducible.
Proof. Suppose on the contrary that σǫ1,ǫ2 is nonzero and reducible. Then, by Lemma 11.1, we have
σǫ1,ǫ2 ⊃ σ′ ⊕ σ′′ for some inequivalent irreducible representations σ′, σ′′ of SO2r+5(F ). Let F, v0, v1, Φ, Ψ
be as in the proof of Lemma 11.1. Let Σ be the irreducible representation of SO2r+5(A) such that
• Σv0 = σ
′;
• Σv1 = σ
′′;
• Σv = σθ(Φv) for all v 6= v0, v1.
Then Σ occurs in L2
θ(Φ)(SO2r+5) by (10.4), so that Π = θΨ (Σ) occurs in L
2
Φ,Ψ (Mp4) by Remark 10.4. On
the other hand, by Lemma 11.2, we have
Πv0 = θψ(σ
′) = πǫ
′
1,ǫ
′
2 , Πv1 = θψ(σ
′′) = πǫ
′′
1 ,ǫ
′′
2
for some ǫ′1, ǫ
′
2, ǫ
′′
1 , ǫ
′′
2 ∈ µ2 such that (ǫ
′
1, ǫ
′
2) 6= (ǫ
′′
1, ǫ
′′
2). Also, by Lemma B.1 below, we have
Πv = θΨv (σθ(Φv)) = πΦv
for all v 6= v0, v1. Hence it follows from Proposition 9.2 that Π does not occur in L
2
Φ,Ψ(Mp4). This is a
contradiction and completes the proof. 
By Lemmas 11.2 and 11.3, the theta lift induces a bijection
θψ : Πφ,ψ(Mp4) −→ Πθ(φ)(SO2r+5).
We need to show that
θψ(π
ǫ1,ǫ2) = σǫ1,ǫ2
for ǫ1, ǫ2 ∈ µ2.
By Lemma B.1 below, we have
θψ(π
+,+) = σ+,+,
noting that π+,+ = πφ and σ
+,+ = σθ(φ) (where the latter follows from (11.1) and Lemma 11.3). This
implies that θψ(π
−,−) = σ−,− when χa = χb. Also, we will show in §B.2.2 below that
(11.2) θψ(π
+,−) = σ+,−, θψ(π
−,+) = σ−,+
when F is nonarchimedean and χa, χb, 1 are pairwise distinct. This implies that θψ(π
−,−) = σ−,− in this
case.
Finally, suppose that F is arbitrary and that χa 6= χb. Fix the following data:
• a number field F with ade`le ring A and distinct places v0, v1 such that Fv0 = F and Fv1 is nonar-
chimedean;
• a nontrivial additive character Ψ of A/F such that Ψv0 belongs to the (F
×)2-orbit of ψ;
• α, β ∈ F× such that χα,v0 = χa, χβ,v0 = χb, and χα,v1 , χβ,v1 , 1 are pairwise distinct.
Put
Φ = (χα ⊠ S2)⊕ (χβ ⊠ S2),
so that Φv0 = φ. For given ǫ1, ǫ2 ∈ µ2, let Σ be the irreducible representation of SO2r+5(A) such that
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• Σv0 = σ
ǫ1,ǫ2;
• Σv1 = σ
ǫ1,ǫ2
v1 ;
• Σv = σθ(Φv) for all v 6= v0, v1.
Then Σ occurs in L2
θ(Φ)(SO2r+5) by (10.4), so that Π = θΨ (Σ) occurs in L
2
Φ,Ψ (Mp4) by Remark 10.4. On
the other hand, we have
Πv0 = θψ(σ
ǫ1,ǫ2) = πǫ
′
1,ǫ
′
2
for some ǫ′1, ǫ
′
2 ∈ µ2. Since we have already shown that
Πv1 = θΨv1 (σ
ǫ1,ǫ2
v1
) = πǫ1,ǫ2v1
and
Πv = θΨv (σθ(Φv)) = πΦv
for all v 6= v0, v1, it follows from Proposition 9.2 that (ǫ
′
1, ǫ
′
2) = (ǫ1, ǫ2).
This completes the proof of Proposition 10.5 when ρ is reducible.
11.3. The irreducible case. Suppose that ρ is irreducible. Then either F is nonarchimedean or F = R.
For ǫ ∈ µ2, we denote by π
ǫ and σǫ the representations in Πφ,ψ(Mp4) and Πθ(φ)(SO2r+5) associated to ǫ,
respectively, where we identify Ŝφ ∼= Ŝθ(φ) with µ2.
11.3.1. The nonarchimedean case. Suppose that F is nonarchimedean. By definition, we have
π+ = JP2,ψ(τ ⊗ |det |
1
2 ), π− = π−ϕ ,
where τ is the irreducible supercuspidal representation of GL2(F ) with L-parameter ρ and π
−
ϕ is the
irreducible genuine square-integrable representation of Mp4(F ) with L-parameter ϕ = ρ⊠ S2 (relative to
ψ) associated to the nontrivial character of Sϕ ∼= Z/2Z. Moreover, the A-parameter θ(φ) is elementary
in the sense of Mœglin [32] and we have
σ+ = JQ(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
1
2 , τ ⊗ |det |
1
2 ),
σ− = JQ′(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
3
2 , σ−ϕ′)
by her explicit construction of A-packets (see also [49, §6]). Here Q = Q(1r ,2), Q
′ = Q(1r−1), and σ
−
ϕ′ is
the irreducible square-integrable representation of SO7(F ) with L-parameter ϕ
′ = (ρ ⊠ S2) ⊕ (1 ⊠ S2)
associated to the nontrivial character of Sϕ′ ∼= Z/2Z. By Lemma B.1 below, we have
θψ(π
+) = σ+.
Also, by [5, Theorem 1.4], we have
θψ(π
−) = σ−.
11.3.2. The real case. Suppose that F = R. When r = 4, we will show in §B.3.3 below that
(11.3) θψ(π
ǫ) = σǫ
for ǫ ∈ µ2.
This completes the proof of Proposition 10.5 when ρ is irreducible.
Appendix A. Local theta lifts from O3 to Mp4
In this appendix, we prove some properties of the local theta lift used in §§8 and 9. Let F be a local
field of characteristic zero.
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A.1. Properties of the theta lift. We consider the theta lift from O(V ǫ1 ) to Mp(W2).
Lemma A.1. Let σ be an irreducible representation of O(V ǫ1 ). Then we have
θW2,V ǫ1 ,ψ(σ) 6= 0 ⇐⇒ σ 6= det,
where det is the nontrivial character of O(V ǫ1 ) trivial on SO(V
ǫ
1 ).
Proof. Put
n+(σ) = min{n ≥ 0 | θWn,V ǫ1 ,ψ(σ) 6= 0},
n−(σ) = min{n ≥ 0 | θWn,V ǫ1 ,ψ(σ ⊗ det) 6= 0}.
Since n−(σ) = 0 if and only if σ = det, the assertion follows from the conservation relation
n+(σ) + n−(σ) = 3
proved by Sun–Zhu [42]. 
Lemma A.2. Let σ1 and σ2 be irreducible representations of O(V
ǫ1
1 ) and O(V
ǫ2
1 ), respectively. Assume
that θW2,V
ǫ1
1 ,ψ
(σ1) and θW2,V
ǫ2
1 ,ψ
(σ2) are nonzero. Then we have
θW2,V
ǫ1
1 ,ψ
(σ1) = θW2,V
ǫ2
1 ,ψ
(σ2) ⇐⇒ ǫ1 = ǫ2, σ1 = σ2.
Proof. By the Howe duality, it suffices to show that if θW2,V
ǫ1
1 ,ψ
(σ1) = θW2,V
ǫ2
1 ,ψ
(σ2), then ǫ1 = ǫ2. We
may assume that F 6= C. For any ǫ ∈ µ2 and any irreducible genuine representation π of Mp(W2), put
rǫ(π) = min{r ≥ 0 | θW2,Vr ,ψ(π) 6= 0, ǫ(Vr) = ǫ},
where ǫ(Vr) denotes the Hasse–Witt invariant of a (2r + 1)-dimensional quadratic space Vr over F with
trivial discriminant. By the conservation relation
r+(π) + r−(π) = 5
proved by Sun–Zhu [42], we have rǫ(π) ≥ 3 for some ǫ ∈ µ2. This implies the assertion. 
Lemma A.3. Let σ be an irreducible representation of O(V ǫ1 ). Assume that either σ is tempered, or ǫ = 1
and σ|SO(V ǫ1 ) = IQ1(χ| · |
s) for some unitary character χ of F× and some s ∈ R with |s| < 12 . If
(A.1) σ(−1) = ǫ · ǫ(12 , σ),
then we have
θW2,V ǫ1 ,ψ(σ) = JP1,ψ(| · |
1
2 , θW1,V ǫ1 ,ψ(σ)),
where ǫ(s, σ) is the standard ǫ-factor of σ relative to ψ (whose value at s = 12 does not depend on ψ).
Proof. Recall that
(A.2) θW1,V ǫ1 ,ψ(σ) 6= 0 ⇐⇒ σ(−1) = ǫ · ǫ(
1
2 , σ)
by the result of Waldspurger [45, 46] (see also [11, §5]). If we put π = θW1,V ǫ1 ,ψ(σ), then by assumption,
either π is tempered, or π = IB,ψ(χ| · |
s) for some unitary character χ of F× and some s ∈ R with
|s| < 12 . When F is nonarchimedean, the assertion follows from [12, Proposition 3.2] (which is stated for
π tempered but continues to hold for π = IB,ψ(χ| · |
s) as above). When F = R, the assertion will be
proved in §A.3.3 below. When F = C, the assertion follows from [2, Theorem 2.8]. 
Recall that SO(V ǫ1 )
∼= (Bǫ)×/F× for some quaternion algebra Bǫ over F . For any quadratic character
χ of F×, we may regard χ ◦ NBǫ as a representation of SO(V
ǫ
1 ), where NBǫ is the reduced norm on B
ǫ.
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Lemma A.4. Let σ be a 1-dimensional representation of O(V +1 ) such that σ|SO(V +1 )
= χ ◦NB+ for some
quadratic character χ of F×.
(i) If σ(−1) = χ(−1), then we have
θW2,V +1 ,ψ
(σ) = JB,ψ(χ| · |
1
2 , | · |
1
2 ).
(ii) If σ(−1) = −χ(−1) and χ 6= 1, then we have
θW2,V +1 ,ψ
(σ) = JP1,ψ(χ| · |
1
2 , ω−W1,ψ).
Proof. When F is nonarchimedean or F = R, the assertion will be proved in §§A.2.1 and A.3.4 below.
When F = C, the assertion follows from [2, Theorem 2.8]. 
Lemma A.5. Let σ be a 1-dimensional representation of O(V −1 ) such that σ|SO(V −1 )
= χ ◦NB− for some
quadratic character χ = χa of F
× with a ∈ F×. If σ(−1) = −χ(−1) and χ 6= 1, then we have
θW2,V −1 ,ψ
(σ) = JP1,ψ(| · |
1
2 , ω−W1,ψa).
Proof. Since ǫ(12 , σ) = χ(−1) and θW1,V −1 ,ψ
(σ) = ω−W1,ψa, the assertion follows from Lemma A.3. 
A.2. The nonarchimedean case. Suppose that F is nonarchimedean. Let
W2 = X1 ⊕X
∗
1 ⊕W1, V
+
1 = Y1 ⊕ Y
∗
1 ⊕ V
+
0
be the decompositions as in §§3.1 and 3.2 with
X1 = Span(w1), Y1 = Span(v1),
X∗1 = Span(w
∗
1), Y
∗
1 = Span(v
∗
1).
Recall that P1 is the maximal parabolic subgroup of Sp(W2) stabilizing X1. Let B1 be the Borel subgroup
of O(V +1 ) stabilizing Y1.
A.2.1. Proof of Lemma A.4. Let σ be an irreducible representation of O(V +1 ). Assume that σ 6= det, so
that θ
W2,V
+
1 ,ψ
(σ) is nonzero by Lemma A.1. We will compute θ
W2,V
+
1 ,ψ
(σ) under the further assumption
that there is an embedding
σ −֒→ Ind
O(V +1 )
B1
(χs ⊠ σ0),
where χs = χ| · |
s for some unitary character χ of GL(Y1) ∼= F
× and some s ∈ R, and σ0 is a character of
O(V +0 ) = {±1}. Note that if χ = 1 and s = −
1
2 , then since σ 6= det, we have σ(−1) = 1. Without loss of
generality, we may assume that s 6= 32 . Put ǫ0 = σ0(−1) = σ(−1) · χ(−1).
We have
ΘW2,V +1 ,ψ
(σ)∗ = HomO(V +1 )
(ωW2,V +1 ,ψ
, σ)
⊂ HomO(V +1 )
(ωW2,V +1 ,ψ
, Ind
O(V +1 )
B1
(χs ⊠ σ0))
= HomGL(Y1)×O(V +0 )
(RB1(ωW2,V +1 ,ψ
), χs ⊠ σ0),
where ∗ denotes the linear dual and RB1 denotes the normalized Jacquet functor with respect to B1. By
the result of Kudla [24], RB1(ωW2,V +1 ,ψ
) has a filtration
RB1(ωW2,V +1 ,ψ
) = R0 ⊃ R1 ⊃ {0}
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of GL(Y1)×O(V
+
0 )×Mp(W2)-modules such that
R0/R1 ∼= |detY1 |
3
2 ⊠ ωW2,V +0 ,ψ
,
R1 ∼= Ind
GL(Y1)×O(V
+
0 )×Mp(W2)
GL(Y1)×O(V
+
0 )×P˜1
(S(Isom(X1, Y1))⊠ ωW1,V +0 ,ψ
).
Here GL(Y1)× G˜L(X1) acts on S(Isom(X1, Y1)) by
[(a, b˜) · f ](g) = χψ(b˜) · f(a
−1 ◦ g ◦ b)
for a ∈ GL(Y1), b˜ ∈ G˜L(X1) with projection b ∈ GL(X1), and f ∈ S(Isom(X1, Y1)). Since s 6=
3
2 , the
action of GL(Y1) shows that
HomGL(Y1)×O(V +0 )
(R0/R1, χs ⊠ σ0) = {0},
so that
ΘW2,V +1 ,ψ
(σ)∗ ⊂ HomGL(Y1)×O(V +0 )
(R1, χs ⊠ σ0)
= IP1,ψ(χ
−1
s ,ΘW1,V +0 ,ψ
(σ0))
∗.
Thus, noting that ΘW1,V +0 ,ψ
(σ0) = ω
ǫ0
W1,ψ
, we obtain a surjection
(A.3) IP1,ψ(χ
−1
s , ω
ǫ0
W1,ψ
) −։ ΘW2,V +1 ,ψ
(σ).
In particular, when χ2 = 1 and s = −12 , this proves Lemma A.4 in the nonarchimedean case.
A.2.2. More properties of the theta lift. We prove more properties of the local theta lift, which are not
used in the proof of the main theorem but will be necessary when we describe local A-packets explicitly
in Appendix C below.
Lemma A.6. Let σ be an irreducible supercuspidal representation of O(V ǫ1 ). Assume that σ 6= det when
ǫ = −1. If σ(−1) = −ǫ · ǫ(12 , σ), then we have
θW2,V ǫ1 ,ψ(σ) = θW2,V ǫ2 ,ψ(St
ǫ(1, σ0)),
where Stǫ(1, σ0) is the irreducible square-integrable representation of SO(V
ǫ
2 ) contained in IQ1(| · |
1
2 , σ0)
with σ0 = σ|SO(V ǫ1 ) (see Lemmas C.3(i) and C.5(i) below).
Proof. Put π = θW2,V ǫ1 ,ψ(σ). By Lemma A.1 and (A.2), π is nonzero and supercuspidal. Hence, by the
local Shimura correspondence [11], θW2,V ǫ2 ,ψ(π) is nonzero and square-integrable.
We now consider the normalized Jacquet module of ωW2,V ǫ2 ,ψ with respect to the maximal parabolic
subgroup Q1 of SO(V
ǫ
2 ). By the result of Kudla [24], there is an F
× × SO(V ǫ1 ) ×Mp(W2)-equivariant
surjection
RQ1(ωW2,V ǫ2 ,ψ) −։ | · |
1
2 ⊠ ωW2,V ǫ1 ,ψ.
Since there is a surjection ωW2,V ǫ1 ,ψ ։ σ0 ⊠ π, this gives rise via Frobenius reciprocity to a nonzero
SO(V ǫ2 )×Mp(W2)-equivariant map
ωW2,V ǫ2 ,ψ −→ IQ1(| · |
1
2 , σ0)⊠ π.
Hence θW2,V ǫ2 ,ψ(π) is a subquotient of IQ1(| · |
1
2 , σ0). Since θW2,V ǫ2 ,ψ(π) is square-integrable, θW2,V ǫ2 ,ψ(π)
must be Stǫ(1, σ0). This completes the proof. 
Lemma A.7. Let σ be an irreducible square-integrable representation of O(V +1 ) such that σ|SO(V +1 )
is the
unique irreducible subrepresentation of IQ1(χ| · |
1
2 ) for some quadratic character χ of F×.
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(i) If σ(−1) = −χ(−1) and χ 6= 1, then we have
θ
W2,V
+
1 ,ψ
(σ) = S˜tψ(χ, ω
−
W1,ψ
),
where S˜tψ(χ, ω
−
W1,ψ
) is the irreducible genuine square-integrable representation of Mp(W2) contained
in IP1,ψ(χ| · |
1
2 , ω−W1,ψ) (see Lemma C.1(i) below).
(ii) If σ(−1) = 1 and χ = 1, then we have
θW2,V +1 ,ψ
(σ) = πgen,ψ(st),
where πgen,ψ(st) is the irreducible genuine tempered representation of Mp(W2) contained in IP1,ψ(| ·
|
1
2 , ω+W1,ψ) (see Lemma C.1(iii) below).
Proof. Note that
ǫ(12 , σ) =
{
χ(−1) if χ 6= 1;
−1 if χ = 1,
so that θ
W1,V
+
1 ,ψ
(σ) is zero by (A.2). The assertion follows from (A.3). 
Lemma A.8. Let σ be an irreducible representation of O(V +1 ) such that σ|SO(V +1 )
= IQ1(χ| · |
s) for some
unitary character χ of F× and some s ∈ R with 0 ≤ s < 12 . If σ(−1) = −χ(−1), then we have
θW2,V +1 ,ψ
(σ) = JP1,ψ(χ| · |
s, ω−W1,ψ).
Proof. The assertion follows from (A.3). 
A.3. The real case. Suppose that F = R. We work in the category of (g,K)-modules.
A.3.1. Notation. Let O(n) be the maximal compact subgroup of GLn(R) defined by
O(n) = {g ∈ GLn(R) |
tg−1 = g}.
Put n0 = [
n
2 ]. As in [1, p. 18], we parametrize the irreducible representations of O(n) by highest weights
(a1, . . . , an0 ; ǫ)
with ai ∈ Z such that a1 ≥ · · · ≥ an0 ≥ 0 and ǫ = ±1. Note that the two representations associated to
(a1, . . . , an0 ; 1) and (a1, . . . , an0 ;−1) are isomorphic if and only if n is even and an0 > 0.
Let Vp,q be the quadratic space over R of signature (p, q) with p + q odd. We realize the orthogonal
group O(p, q) = O(Vp,q) as
O(p, q) =
{
g ∈ GLp+q(R)
∣∣∣∣ tg(1p −1q
)
g =
(
1p
−1q
)}
.
Let K ∼= O(p)×O(q) be the maximal compact subgroup of O(p, q) defined by
K = {g ∈ O(p, q) | tg−1 = g}.
Put p0 = [
p
2 ] and q0 = [
q
2 ]. As above, we parametrize the irreducible representations of K by highest
weights
(a1, . . . , ap0 ; ǫ)⊠ (b1, . . . , bq0 ; δ)
with ai, bj ∈ Z such that a1 ≥ · · · ≥ ap0 ≥ 0, b1 ≥ · · · ≥ bq0 ≥ 0 and ǫ, δ = ±1.
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Let Wn be the 2n-dimensional symplectic space over R. We realize the symplectic group Sp2n(R) =
Sp(Wn) as
Sp2n(R) =
{
g ∈ GL2n(R)
∣∣∣∣ tg( 1n−1n
)
g =
(
1n
−1n
)}
.
Let K ′ ∼= U(n) be the maximal compact subgroup of Sp2n(R) defined by
K ′ = {g ∈ Sp2n(R) |
tg−1 = g}
and K ′ the preimage of K ′ in Mp2n(R). Following the normalization in [1, p. 19], we parametrize the
irreducible genuine representations of K ′ by highest weights
(a1, . . . , an)
with ai ∈ Z+
1
2 such that a1 ≥ · · · ≥ an. Note that this parametrization depends on ψ.
For any a ∈ 12Z with a > 0, we denote by Da the relative discrete series representation of GL2(R)
of weight 2a + 1 with central character trivial on R×+, so that Da is the L-parameter of Da. For any
a ∈ 12Z r Z, we denote by D˜a,ψ the genuine discrete series representation of Mp2(R) of weight (relative
to the parametrization depending on ψ) {
a+ 1 if a > 0;
a− 1 if a < 0.
A.3.2. Theta correspondence over R. We recall some basic properties of the theta correspondence over R
(see [18, 22, 1]).
Let P be the Fock model of the Weil representation ωWn,Vp,q,ψ. Namely, P =
⊕∞
d=0 Pd is the space of
polynomials in n(p+ q) variables and Pd is the subspace of homogeneous polynomials of degree d, which
is invariant under the action of K × K ′. For any irreducible representation µ of K occurring in P, we
define deg µ as the smallest nonnegative integer d such that the µ-isotypic component of Pd is nonzero. If
µ = (a1, . . . , ak, 0, . . . , 0; ǫ) ⊠ (b1, . . . , bl, 0, . . . , 0; δ)
with ak, bl > 0, then we have
deg µ =
k∑
i=1
ai +
l∑
j=1
bj + k
′ + l′,
where
(A.4) k′ =
{
0 if ǫ = 1;
p− 2k if ǫ = −1,
l′ =
{
0 if δ = 1;
q − 2l if δ = −1.
In particular, degµ does not depend on n. Similarly, for any irreducible genuine representation µ′ of K ′
occurring in P, we may define deg µ′. If
µ′ = (a1, . . . , an) +
p− q
2
· (1, . . . , 1)
with ai ∈ Z, then we have
deg µ′ =
n∑
i=1
|ai|.
In particular, deg µ′ depends only on p− q.
LetH be the space of joint harmonics, which is aK×K ′-invariant subspace of P. ThenH is multiplicity-
free as a representation of K × K ′ and induces a correspondence between representations of K and K ′
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given as follows. Let µ be an irreducible representation of K and µ′ an irreducible genuine representation
of K ′. Then µ and µ′ correspond if and only if µ and µ′ are of the form
µ = (a1, . . . , ak, 0, . . . , 0; ǫ) ⊠ (b1, . . . , bl, 0, . . . , 0; δ)
and
µ′ = (a1, . . . , ak, 1, . . . , 1︸ ︷︷ ︸
k′
, 0, . . . , 0,−1, . . . ,−1︸ ︷︷ ︸
l′
,−bl, . . . ,−b1) +
p− q
2
· (1, . . . , 1)
with ak, bl > 0 and k + k
′ + l + l′ ≤ n, where k′, l′ are as in (A.4). Note that µ and µ′ determine each
other.
Let σ be an irreducible representation of O(p, q) such that the theta lift π = θWn,Vp,q,ψ(σ) to Mp2n(R)
is nonzero. Let µ be a K-type of σ, i.e. an irreducible representation of K occurring in σ|K . We say that
µ is of minimal degree in σ if deg µ is minimal among all K-types of σ. In this case, µ occurs in H. Let
µ′ be the irreducible genuine representation of K ′ corresponding to µ. Then µ′ is a K ′-type of π and is
of minimal degree in π. An analogous result also holds when we switch the roles of σ and π.
We also need the notion of lowest K-types introduced by Vogan [43]. In particular, we will use the
following properties:
• any irreducible tempered representation with real infinitesimal character is uniquely determined by
its unique lowest K-type (see also §C.2.1 below);
• any lowest K-type of a standard module occurs with multiplicity one;
• the set of lowest K-types of a standard module agrees with that of its unique irreducible quotient.
These two notions of K-types are closely related as follows. Assume for simplicity that p + q = 2n + 1.
Let σ be an irreducible representation of O(p, q) such that the theta lift π = θWn,Vp,q,ψ(σ) to Mp2n(R) is
nonzero. Then, by [3, Corollary 5.2], we have:
• if µ is a lowest K-type of σ, then µ is of minimal degree in σ;
• if µ′ is a lowest K ′-type of π, then µ′ is of minimal degree in π.
A.3.3. Proof of Lemma A.3. Suppose first that σ is a principal series representation of O(2, 1). More
generally, let σ be an irreducible representation of O(2, 1) such that there is a surjection
Ind
O(2,1)
B1
(χs ⊠ σ0) −։ σ,
where B1 is the Borel subgroup of O(2, 1), χs = χ| · |
s for some unitary character χ of R× and some s ∈ R
with s ≥ 0, and σ0 is a character of O(1). Put
δ0 = χ(−1), ǫ0 = σ0(−1).
Then (A.1) is equivalent to
ǫ0 = 1,
in which case we have θW1,V2,1,ψ(σ) = JB,ψ(χs). Let µ0 be a lowest (K ∩ T1)-type of χs ⊠ σ0, where T1
is the Levi component of B1. Let µ be a lowest K-type of σ, so that µ occurs in Ind
O(2,1)
B1
(χs ⊠ σ0) with
multiplicity one. As we will explicate below, we assume the following conditions:
• µ0 is of minimal degree in χs ⊠ σ0;
• µ is of minimal degree in Ind
O(2,1)
B1
(χs ⊠ σ0);
• deg µ = deg µ0;
• the restriction of µ to K ∩ T1 contains µ0.
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Then, by the induction principle of Adams–Barbasch (see [2, Proposition 3.25], [3, Theorem 8.7]),
θW2,V2,1,ψ(σ) is a subquotient of
IP1,ψ(χ
−1
s , ω
ǫ0
W1,ψ
)
containing µ′, where µ′ is the K ′-type corresponding to µ.
Assume that (δ0, ǫ0) 6= (1,−1). We may take µ0 and µ given by
µ0 = ( ; δ0)⊠ ( ; ǫ0), µ = (0; ǫ0)⊠ ( ; δ0ǫ0),
which satisfy the conditions above and
degµ = deg µ0 =

0 if (δ0, ǫ0) = (1, 1);
1 if (δ0, ǫ0) = (−1, 1);
2 if (δ0, ǫ0) = (−1,−1).
Then we have
µ′ =

(12 ,
1
2) if (δ0, ǫ0) = (1, 1);
(12 ,−
1
2) if (δ0, ǫ0) = (−1, 1);
(32 ,
3
2) if (δ0, ǫ0) = (−1,−1).
If ǫ0 = 1, then it follows from [3, Proposition 6.10] that µ
′ is a lowest K ′-type of the principal series
representation
IB,ψ(χ
−1
s , | · |
1
2 )
of Mp4(R), which has IP1,ψ(χ
−1
s , ω
+
W1,ψ
) as a quotient. Hence, if ǫ0 = 1 and 0 ≤ s ≤
1
2 , then we have
(A.5) θW2,V2,1,ψ(σ) = JB,ψ(| · |
1
2 , χs).
Suppose next that σ is a discrete series representation of O(p, q) with (p, q) = (2, 1) or (0, 3). We write
the L-parameter of σ|SO(p,q) as Dκ− 1
2
with some positive integer κ. Then, by (A.1), we have
σ(−1) =
{
(−1)κ if (p, q) = (2, 1);
(−1)κ−1 if (p, q) = (0, 3).
Let µ be the lowest K-type of σ given by
µ =
{
(κ; 1) ⊠ ( ; 1) if (p, q) = (2, 1);
(κ− 1; 1) if (p, q) = (0, 3).
Put π0 = θW1,Vp,q,ψ(σ), so that π0 = D˜λ,ψ with
λ =
{
κ− 12 if (p, q) = (2, 1);
−κ+ 12 if (p, q) = (0, 3).
Since µ is of minimal degree in σ, it follows from the induction principle [3, Theorem 8.4] that θW2,Vp,q,ψ(σ)
is a subquotient of
IP1,ψ(| · |
− 1
2 , π0)
containing µ′, where µ′ is the K ′-type corresponding to µ and is given by
µ′ =
{
(κ+ 12 ,
1
2) if (p, q) = (2, 1);
(−32 ,−κ−
1
2) if (p, q) = (0, 3).
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By [3, Proposition 6.10], µ′ is a lowest K ′-type of IP1,ψ(| · |
− 1
2 , π0), so that
θW2,Vp,q,ψ(σ) = JP1,ψ(| · |
1
2 , π0).
This completes the proof of Lemma A.3 in the real case.
A.3.4. Proof of Lemma A.4. We retain the notation of §A.3.3, so that σ is a quotient of Ind
O(2,1)
B1
(χs⊠σ0).
Then (i) follows from (A.5). To prove (ii), we may assume that (δ0, ǫ0) = (−1,−1). Since ω
−
W1,ψ
= D˜ 1
2
,ψ,
it follows from [3, Proposition 6.10] that µ′ is a lowest K ′-type of
IP1,ψ(χ
−1
s , ω
−
W1,ψ
).
Hence, if (δ0, ǫ0) = (−1,−1) and s ≥ 0, then we have
θW2,V2,1,ψ(σ) = JP1,ψ(χs, ω
−
W1,ψ
).
This completes the proof of Lemma A.4 in the real case.
A.3.5. More properties of the theta lift. We prove more properties of the local theta lift, which are not
used in the proof of the main theorem but will be necessary when we describe local A-packets explicitly
in Appendix C below.
Lemma A.9. Let σ be a discrete series representation of O(p, q) with (p, q) = (2, 1) or (0, 3) and with
lowest K-type µ given by
µ =
{
(κ; 1) ⊠ ( ;−1) if (p, q) = (2, 1);
(κ− 1;−1) if (p, q) = (0, 3)
for some positive integer κ. Assume that σ 6= det (i.e. κ > 1) when (p, q) = (0, 3).
(i) If (p, q) = (2, 1), then θW2,V2,1,ψ(σ) is the genuine (limit of) discrete series representation of Mp4(R)
with lowest K ′-type (κ+ 12 ,−
1
2) (relative to ψ).
(ii) If (p, q) = (0, 3), then θW2,V0,3,ψ(σ) is the genuine discrete series representation of Mp4(R) with
lowest K ′-type (−52 ,−κ−
1
2) (relative to ψ).
Proof. Note that
σ(−1) =
{
(−1)κ−1 if (p, q) = (2, 1);
(−1)κ if (p, q) = (0, 3)
and ǫ(12 , σ) = (−1)
κ, so that θW1,Vp,q,ψ(σ) is zero by (A.2). Put π = θW2,Vp,q,ψ(σ), which is nonzero by
Lemma A.1. Let µ′ be the irreducible genuine representation of K ′ corresponding to µ:
µ′ =
{
(κ+ 12 ,−
1
2 ) if (p, q) = (2, 1);
(−52 ,−κ−
1
2) if (p, q) = (0, 3).
Since µ is the unique K-type of minimal degree in σ, µ′ is the unique K ′-type of minimal degree in π.
Hence we deduce that µ′ is the unique lowest K ′-type of π, noting that θW2,V3,2,ψ(π) is nonzero.
Since π has real infinitesimal character by [38], it remains to show that π is tempered (see also §C.2.1
below). For any irreducible genuine nontempered representation π′ of Mp4(R), it follows from [3, Propo-
sition 6.10] that π′ has lowest K ′-types given as follows.
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• Suppose that π′ = JP1,ψ(χ| · |
s, D˜a,ψ) for some unitary character χ of R
×, some s ∈ R with s > 0,
and some a ∈ 12Z r Z. Then π
′ has a unique lowest K ′-type
(a+ 1, 12) if a > 0 and χ(−1) = 1;
(a+ 1, 32) if a > 0 and χ(−1) = −1;
(−32 , a− 1) if a < 0 and χ(−1) = 1;
(−12 , a− 1) if a < 0 and χ(−1) = −1.
• Suppose that π′ = JP2,ψ(Da ⊗ |det |
s) for some a ∈ 12Z with a > 0 and some s ∈ C with Re s > 0.
Then π′ has a unique lowest K ′-type
(a+ 12 ,−a−
1
2)
if a ∈ Z and two lowest K ′-types
(a+ 1,−a), (a,−a− 1)
if a /∈ Z.
• Suppose that π′ = JB,ψ(χ1| · |
s1 , χ2| · |
s2) for some unitary characters χ1, χ2 of R
× and some s1, s2 ∈ R
with s1 > 0 and s1 ≥ s2 ≥ 0. Put ǫ1 = χ1(−1) and ǫ2 = χ2(−1). Then π
′ has a unique lowest
K ′-type 
(12 ,
1
2) if (ǫ1, ǫ2) = (1, 1);
(12 ,−
1
2 ) if (ǫ1, ǫ2) = (1,−1), (−1, 1);
(−12 ,−
1
2) if (ǫ1, ǫ2) = (−1,−1).
In particular, the set of lowest K ′-types of π′ does not agree with that of π, which is a singleton {µ′}.
Hence π is tempered. This completes the proof. 
Lemma A.10. Let σ be an irreducible representation of O(2, 1) such that σ|SO(2,1) = IQ1(χ| · |
s) for some
unitary character χ of R× and some s ∈ R with 0 ≤ s < 12 . If σ(−1) = −χ(−1), then we have
θW2,V2,1,ψ(σ) = JP1,ψ(χ| · |
s, ω−W1,ψ).
Proof. By assumption, we have σ = Ind
O(2,1)
B1
(χs ⊠ σ0), where B1 is the Borel subgroup of O(2, 1),
χs = χ| · |
s, and σ0 is the nontrivial character of O(1). Since θW1,V1,0,ψ(σ0) = ω
−
W1,ψ
, it follows from the
induction principle [3, Theorem 8.4] that θW2,V2,1,ψ(σ) is a subquotient of
IP1,ψ(χ
−1
s , ω
−
W1,ψ
).
On the other hand, by [9, Proposition 2.3], IP1,ψ(χ
−1
s , ω
−
W1,ψ
) is irreducible. This implies the assertion. 
Appendix B. Local theta lifts from Mp4 to SO2r+5 with r > 3
In this appendix, we prove some properties of the local theta lift used in §§10 and 11. Let F be a local
field of characteristic zero.
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B.1. Properties of the theta lift. We consider the theta lift from Mp(W2) to SO(V
+
r+2) with r > 3.
Lemma B.1. Let ρ be a 2-dimensional orthogonal tempered representation of LF . Put φ = ρ ⊠ S2 and
θ(φ) = φ⊕(1⊠S2r). Let πφ be the unique irreducible genuine representation of Mp(W2) with L-parameter
ϕφ (relative to ψ) and σθ(φ) the unique irreducible representation of SO(V
+
r+2) with L-parameter ϕθ(φ).
Then we have
θW2,V +r+2,ψ
(πφ) = σθ(φ).
Proof. When F is nonarchimedean or F = R, the assertion will be proved in §§B.2.1 and B.3.1 below.
When F = C, the assertion follows from [2, Theorem 2.8]. 
We also need the properties (11.2) when F is nonarchimedean and (11.3) when F = R, which will be
recalled and proved below.
B.2. The nonarchimedean case. Suppose that F is nonarchimedean. Let
W2 = X1 ⊕X
∗
1 ⊕W1 = X2 ⊕X
∗
2 , V
+
r+2 = Y1 ⊕ Y
∗
1 ⊕ V
+
r+1 = Y2 ⊕ Y
∗
2 ⊕ V
+
r
be the decompositions as in §§3.1 and 3.2 with
X1 = Span(w1), Y1 = Span(v1),
X∗1 = Span(w
∗
1), Y
∗
1 = Span(v
∗
1),
X2 = Span(w1, w2), Y2 = Span(v1, v2),
X∗2 = Span(w
∗
1 , w
∗
2), Y
∗
2 = Span(v
∗
1 , v
∗
2).
We write
X2 = X1 ⊕X
′
1
with X ′1 = Span(w2). Recall that Pi and Qi are the maximal parabolic subgroups of Sp(W2) and SO(V
+
r+2)
stabilizing Xi and Yi, respectively. Let B be the Borel subgroup of GL(X2) stabilizing X1.
B.2.1. Proof of Lemma B.1. Let τ be the irreducible self-dual tempered representation of GL(X2) ∼=
GL2(F ) with L-parameter ρ. Then we have either
• τ = Ind
GL(X2)
B (χ⊠ χ
−1) for some unitary character χ of F× such that χ2 6= 1; or
• τ = Ind
GL(X2)
B (χa ⊠ χb) for some a, b ∈ F
×; or
• τ is supercuspidal.
Let π be an irreducible genuine representation of Mp(W2). We will compute θW2,V +r+2,ψ
(π) under the
assumption that there is an embedding
π −֒→ IP2,ψ(τs),
where τs = τ ⊗ |det |
s for some s ∈ R with s ≤ 0.
We have
ΘW2,V +r+2,ψ
(π)∗ = HomMp(W2)(ωW2,V +r+2,ψ
, π)
⊂ HomMp(W2)(ωW2,V +r+2,ψ
, IP2,ψ(τs))
= Hom
G˜L(X2)
(RP2(ωW2,V +r+2,ψ
), τs ⊗ χψ),
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where ∗ denotes the linear dual and RP2 denotes the normalized Jacquet functor with respect to P2. By
the result of Kudla [24], RP2(ωW2,V +r+2,ψ
) has a filtration
RP2(ωW2,V +r+2,ψ
) = R0 ⊃ R1 ⊃ R2 ⊃ {0}
of G˜L(X2)× SO(V
+
r+2)-modules such that
R0/R1 ∼= χψ|detX2 |
r+1,
R1/R2 ∼= Ind
G˜L(X2)×SO(V
+
r+2)
B˜×Q1
(χψ|detX1 |
r+ 1
2 ⊠ S(Isom(Y1,X
′
1))),
R2 ∼= Ind
G˜L(X2)×SO(V
+
r+2)
G˜L(X2)×Q2
(S(Isom(Y2,X2))).
Here G˜L(X ′1)×GL(Y1) acts on S(Isom(Y1,X
′
1)) by
[(a˜, b) · f ](g) = χψ(a˜) · f(a
−1 ◦ g ◦ b)
for a˜ ∈ G˜L(X ′1) with projection a ∈ GL(X
′
1), b ∈ GL(Y1), and f ∈ S(Isom(Y1,X
′
1)), and G˜L(X2)×GL(Y2)
acts on S(Isom(Y2,X2)) similarly. Since s ≤ 0, the actions of G˜L(X2) and G˜L(X1) show that
Hom
G˜L(X2)
(R0/R1, τs ⊗ χψ) = {0}
and
Hom
G˜L(X2)
(R1/R2, τs ⊗ χψ)
= Hom
G˜L(X1)×G˜L(X′1)
(Ind
G˜L(X1)×G˜L(X′1)×SO(V
+
r+2)
G˜L(X1)×G˜L(X′1)×Q1
(χψ|detX1 |
r+ 1
2 ⊠ S(Isom(Y1,X
′
1))), RB(τs ⊗ χψ))
= {0},
respectively, where B is the Borel subgroup of GL(X2) opposite to B, so that
ΘW2,V +r+2,ψ
(π)∗ ⊂ Hom
G˜L(X2)
(R2, τs ⊗ χψ)
= IQ2(τ
∨
s , 1)
∗.
Thus, we obtain a surjection
IQ2(τ
∨
s , 1) −։ ΘW2,V +r+2,ψ
(π).
When s = −12 , the left-hand side is a quotient of
(B.1) IQ(2,r)(τ ⊗ |det |
1
2 , |det |
r
2 ),
where Q(i,j) is the parabolic subgroup of SO(V
+
r+2) with Levi component GLi ×GLj × SO(V
+
r−i−j+2). By
[51, Theorem 4.2], the representation
Ind
GLr+2(F )
Q(2,r)
((τ ⊗ |det |
1
2 )⊠ |det |
r
2 )
is irreducible and is isomorphic to
Ind
GLr+2(F )
Q(r,2)
(|det |
r
2 ⊠ (τ ⊗ |det |
1
2 )),
where Q(i,j) is the maximal parabolic subgroup of GLi+j with Levi component GLi ×GLj . Hence (B.1)
is isomorphic to
IQ(r,2)(|det |
r
2 , τ ⊗ |det |
1
2 ),
which is a quotient of
IQ(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
1
2 , τ ⊗ |det |
1
2 ),
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where Q = Q(1r ,2). This proves Lemma B.1 in the nonarchimedean case.
B.2.2. Proof of (11.2). Let a, b ∈ F× be such that χa, χb, 1 are pairwise distinct. Then (11.2) says that
θ
W2,V
+
r+2,ψ
(JP1,ψ(χa| · |
1
2 , ω−W1,ψb)) = JQ(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
3
2 , χa| · |
1
2 , σ−ϕb),
where Q = Q(1r) and σ
−
ϕb
is the irreducible square-integrable representation of SO(V +2 ) with L-parameter
ϕb = (χb ⊠ S2)⊕ (1⊠ S2) associated to the nontrivial character of Sϕb
∼= Z/2Z.
Put π0 = ω
−
W1,ψb
to ease notation. Let π be an irreducible genuine representation of Mp(W2). We will
compute θW2,V +r+2,ψ
(π) under the assumption that there is an embedding
π −֒→ IP1,ψ(χs, π0),
where χs = χ| · |
s for some unitary character χ of GL(X1) ∼= F
× and some s ∈ R with s ≤ 0.
We have
ΘW2,V +r+2,ψ
(π)∗ = HomMp(W2)(ωW2,V +r+2,ψ
, π)
⊂ HomMp(W2)(ωW2,V +r+2,ψ
, IP1,ψ(χs, π0))
= Hom
G˜L(X1)×Mp(W1)
(RP1(ωW2,V +r+2,ψ
), χsχψ ⊠ π0),
where ∗ denotes the linear dual and RP1 denotes the normalized Jacquet functor with respect to P1. By
the result of Kudla [24], RP1(ωW2,V +r+2,ψ
) has a filtration
RP1(ωW2,V +r+2,ψ
) = R0 ⊃ R1 ⊃ {0}
of G˜L(X1)×Mp(W1)× SO(V
+
r+2)-modules such that
R0/R1 ∼= χψ|detX1 |
r+ 1
2 ⊠ ω
W1,V
+
r+2,ψ
,
R1 ∼= Ind
G˜L(X1)×Mp(W1)×SO(V
+
r+2)
G˜L(X1)×Mp(W1)×Q1
(S(Isom(Y1,X1))⊠ ωW1,V +r+1,ψ
).
Here G˜L(X1)×GL(Y1) acts on S(Isom(Y1,X1)) by
[(a˜, b) · f ](g) = χψ(a˜) · f(a
−1 ◦ g ◦ b)
for a˜ ∈ G˜L(X1) with projection a ∈ GL(X1), b ∈ GL(Y1), and f ∈ S(Isom(Y1,X1)). Since s ≤ 0, the
action of G˜L(X1) shows that
Hom
G˜L(X1)×Mp(W1)
(R0/R1, χsχψ ⊠ π0) = {0},
so that
ΘW2,V +r+2,ψ
(π)∗ ⊂ Hom
G˜L(X1)×Mp(W1)
(R1, χsχψ ⊠ π0)
= IQ1(χ
−1
s ,ΘW1,V +r+1,ψ
(π0))
∗.
Thus, we obtain a surjection
(B.2) IQ1(χ
−1
s ,ΘW1,V +r+1,ψ
(π0)) −։ ΘW2,V +r+2,ψ
(π).
On the other hand, since π0 is supercuspidal, ΘW1,V +r+1,ψ
(π0) is irreducible. Hence, by [5, Theorem 1.4],
we have
ΘW1,V +r+1,ψ
(π0) = JQ′(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
3
2 , σ−ϕb),
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where Q′ = Q(1r−1). In particular, when χ = χa and s = −
1
2 , the left-hand side of (B.2) is a quotient of
IQ(χa| · |
1
2 , | · |r−
1
2 , | · |r−
3
2 , . . . , | · |
3
2 , σ−ϕb)
∼= IQ(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
3
2 , χa| · |
1
2 , σ−ϕb).
This proves (11.2).
B.3. The real case. Suppose that F = R. We work in the category of (g,K)-modules. We retain the
notation of §A.3.1.
B.3.1. Proof of Lemma B.1. Put (p, q) = (r + 3, r + 2). Let τ be the irreducible self-dual tempered
representation of GL2(R) with L-parameter ρ. Then we have either
• τ = Ind
GL2(R)
B (χ1 ⊠ χ2) for some unitary characters χ1, χ2 of R
× such that χ1χ2 = 1 or {χ1, χ2} =
{1, sgn}, where B is the Borel subgroup of GL2; or
• τ = Dκ for some positive integer κ.
Put
ǫ1 = χ1(−1), ǫ2 = χ2(−1)
in the former case. Let π be an irreducible genuine representation of Mp4(R) such that there is a surjection
IP2,ψ(τs) −։ π,
where τs = τ ⊗ |det |
s for some s ∈ R with s ≥ 0. Let µ′0 be a lowest (K
′ ∩M2)-type of τs, where M2 is
the Levi component of P2. Let µ
′ be a lowest K ′-type of π, so that µ′ occurs in IP2,ψ(τs) with multiplicity
one. As we will explicate below, we assume the following conditions:
• µ′0 is of minimal degree in τs;
• µ′ is of minimal degree in IP2,ψ(τs);
• deg µ′ = deg µ′0;
• the restriction of µ′ to K ′ ∩ M˜2 contains µ
′
0 ⊗ χψ.
Then, by the induction principle of Adams–Barbasch (see [2, Proposition 3.25], [3, Theorem 8.7]),
θW2,Vp,q,ψ(π) is a subquotient of
IQ2(τ
∨
s , 1)
containing µ, where µ is the K-type corresponding to µ′.
By [3, Proposition 6.10], we may take µ′0 and µ
′ given by
µ′0 =

(0; 1) if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (1, 1);
(1; 1) if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (1,−1), (−1, 1);
(0;−1) if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (−1,−1);
(2κ+ 1; 1) if τ = Dκ
and
µ′ =

(12 ,
1
2 ) if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (1, 1);
(12 ,−
1
2) if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (1,−1), (−1, 1);
(−12 ,−
1
2) if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (−1,−1);
(κ+ 12 ,−κ−
1
2) if τ = Dκ,
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which satisfy the conditions above (since θW2,V3,2,ψ(π) is nonzero) and
deg µ′ = deg µ′0 =

0 if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (1, 1);
1 if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (1,−1), (−1, 1);
2 if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (−1,−1);
2κ+ 1 if τ = Dκ.
Then we have
µ =

(0, . . . , 0; 1) ⊠ (0, . . . , 0; 1) if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (1, 1);
(0, . . . , 0; 1) ⊠ (1, 0, . . . , 0; 1) if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (1,−1), (−1, 1);
(0, . . . , 0; 1) ⊠ (1, 1, 0, . . . , 0; 1) if τ = Ind
GL2(R)
B (χ1 ⊠ χ2) and (ǫ1, ǫ2) = (−1,−1);
(κ, 0, . . . , 0; 1) ⊠ (κ+ 1, 0, . . . , 0; 1) if τ = Dκ.
If we put Q′ = Q(2,1r), then it follows from [3, Proposition 6.10] that µ is a lowest K-type of
IQ′(τ
∨
s , | · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
1
2 ),
which has IQ2(τ
∨
s , 1) as a quotient. Hence, if 0 ≤ s ≤
1
2 , then we have
θW2,Vp,q,ψ(π) = JQ(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
1
2 , τs),
where Q = Q(1r ,2). This completes the proof of Lemma B.1 in the real case.
B.3.2. Some A-packets. Let G be the split odd special orthogonal group of rank r+2, so that G = SO(p, q)
with (p, q) = (r + 3, r + 2). Let θ be the Cartan involution of G defined by θ(g) = tg−1. Let g be the
complexified Lie algebra of G.
We consider local A-parameters
φ = Dκ ⊠ S2, θ(φ) = φ⊕ (1⊠ S2r)
with a positive integer κ. For ǫ ∈ µ2, let σ
ǫ be the representation in the A-packet Πθ(φ)(G) associated to
ǫ. Then, by [36, 37], we have
σ+ = Aq1(λ1), σ
− = Aq0(λ0)⊕Aq2(λ2),
where qi is a θ-stable parabolic subalgebra of g whose normalizer Li in G satisfies
Li ∼= U(i, 2 − i)× SO(p− 2i, q − 4 + 2i),
λi is the 1-dimensional representation of Li given by
λi = det
κ−r−1
⊠ 1,
and Aqi(λi) is the cohomologically induced representation defined by [23, (5.6)]. Note that λi is in the
weakly fair range, so that Aqi(λi) is a (possibly zero, possibly reducible) unitary representation of G of
finite length. If κ > r, then λi is in the good range, so that Aqi(λi) is nonzero and irreducible. Moreover,
by [23, Theorem 11.216], we have
Aq1(λ1)
∼= JQ(| · |
r− 1
2 , | · |r−
3
2 , . . . , | · |
1
2 ,Dκ ⊗ |det |
1
2 )
for κ > r, where Q = Q(1r ,2).
Lemma B.2. Assume that r = 4. Then Aqi(λi) is nonzero and irreducible. Moreover, we have
Aq1(λ1)
∼= JQ(| · |
7
2 , | · |
5
2 , | · |
3
2 , | · |
1
2 ,Dκ ⊗ |det |
1
2 ),
where Q = Q(14,2).
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Proof. It remains to prove the assertion for κ ≤ 4, but this can be checked by the Atlas software [52]. For
example, if i = 1 and κ = 2, then we have:
atlas> set G=SO(7,6)
Variable G: RealForm
atlas> Aq_reducible(KGB(G,14),[2,0,0,2,0,0],[1,0,0,1,0,0])
Value:
1*parameter(x=1953,lambda=[11,7,9,1,3,1]/2,nu=[7,1,5,-1,3,1]/2) [44]
atlas> set P=Parabolic:([4],KGB(G,2336))
Variable P: ([int],KGBElt)
atlas> set p=parameter(KGB(Levi(P),0),[0,0,0,0,5,-3]/2,[7,5,3,1,1,1]/2)
Variable p: Param
atlas> finalize(real_induce_standard(p,G))
Value:
1*parameter(x=1953,lambda=[11,7,9,1,3,1]/2,nu=[7,1,5,-1,3,1]/2) [44]

B.3.3. Proof of (11.3). For ǫ ∈ µ2, let π
ǫ be the representation in the A-packet Πφ,ψ(Mp4) associated to
ǫ. By definition, we have
π+ = JP2,ψ(Dκ ⊗ |det |
1
2 ), π− = πΛ ⊕ π
∨
Λ,
where πΛ is the genuine discrete series representation of Mp4(R) with lowest K
′-type Λ = (κ+ 32 , κ+
3
2)
(relative to the parametrization depending on ψ). Note that π− does not depend on ψ. Then (11.3) says
that
θW2,Vp,q,ψ(π
+) = Aq1(λ1), θW2,Vp,q,ψ(π
−) = Aq0(λ0)⊕Aq2(λ2)
when (p, q) = (7, 6).
The first assertion follows from Lemmas B.1 and B.2. To prove the second assertion, we consider the
theta lift θW2,Vp,q,ψ(πΛ) when 4 ≤ p ≤ q + 5. By [3, Theorem 3.3], we have
πΛ = θW2,V5,0,ψ(σΛ),
where σΛ is the irreducible representation of O(5, 0) with highest weight (κ− 1, κ− 1; 1). Hence it follows
from [28, Theorem 1.4] combined with induction in stages (see [23, Corollary 11.86]) that θW2,Vp,q,ψ(πΛ)
is a subquotient of Aq(λ), where q is a θ-stable parabolic subalgebra of so(p, q) whose normalizer L in
SO(p, q) satisfies
L ∼= U(2, 0) × SO(p− 4, q)
and λ is the 1-dimensional representation of L given by
detκ−
p+q−3
2 ⊠ 1.
In particular, when {p, q} = {6, 7}, we have
θW2,Vp,q,ψ(πΛ) = Aq(λ)
by Lemma B.2. On the other hand, by [3, Lemma 1.5], we have
θW2,Vp,q,ψ(π
∨
Λ) = θW2,Vq,p,ψ(πΛ).
This completes the proof of (11.3).
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Appendix C. Local A-packets for Mp4
In this appendix, we describe local A-packets for Mp4 explicitly. Let F be a local field of characteristic
zero.
C.1. The nonarchimedean case. Suppose that F is nonarchimedean. Let st be the Steinberg repre-
sentation of GL2(F ) and put stχ = st ⊗ (χ ◦ det) for any quadratic character χ of F
×. We may regard
stχ as a representation of SO(V
+
1 ). Let s˜tχ,ψ be the irreducible genuine square-integrable representation
of Mp(W1) contained in IB,ψ(χ| · |
1
2 ).
C.1.1. Elliptic tempered representations of Mp(W2). We first introduce some notation. For this, we need
to enumerate the elliptic tempered representations of Mp(W2) which are not supercuspidal.
The following lemmas summarize the result of Hanzer–Matic´ [15] on the composition series of parabol-
ically induced representations of Mp(W2).
Lemma C.1. Let χ be a unitary character of F×. Let s ∈ R with s ≥ 0. Let π be either an irre-
ducible genuine square-integrable representation of Mp(W1) or an even elementary Weil representation of
Mp(W1). Then IP1,ψ(χ| · |
s, π) is reducible if and only if one of the following holds:
(i) χ2 = 1 (so that χ = χa for some a ∈ F
×), s = 12 , and π is supercuspidal but π 6= ω
−
W1,ψa
, in which
case we have
0 −→ S˜tψ(χ, π) −→ IP1,ψ(χ| · |
1
2 , π) −→ JP1,ψ(χ| · |
1
2 , π) −→ 0,
where S˜tψ(χ, π) is an irreducible square-integrable representation;
(ii) χ2 = 1, s = 12 , and π = s˜tµ,ψ for some quadratic character µ of F
×, in which case we have
0 −→ Π −→ IP1,ψ(χ| · |
1
2 , s˜tµ,ψ) −→ JP1,ψ(χ| · |
1
2 , s˜tµ,ψ) −→ 0
with
Π =

S˜tψ(χ, s˜tµ,ψ) if χ 6= µ;
πgen,ψ(stχ) if χ = µ 6= 1;
πng,ψ(stχ) if χ = µ = 1,
where S˜tψ(χ, s˜tµ,ψ) is an irreducible square-integrable representation (which is isomorphic to S˜tψ(µ, s˜tχ,ψ)),
and πgen,ψ(stχ) and πng,ψ(stχ) are the representations as in Lemma C.2(i) below;
(iii) χ2 = 1, s = 12 , and π = ω
+
W1,ψb
for some b ∈ F×, in which case we have
0 −→ Π −→ IP1,ψ(χ| · |
1
2 , ω+W1,ψb) −→ JB,ψ(χ| · |
1
2 , χb| · |
1
2 ) −→ 0
with
Π =

JP1,ψ(χb| · |
1
2 , s˜tχ,ψ) if χ 6= χb;
πng,ψ(stχ) if χ = χb 6= 1;
πgen,ψ(stχ) if χ = χb = 1;
(iv) χ2 = 1, s = 32 , and π = s˜tχ,ψ, in which case we have
0 −→ S˜t
+
χ,ψ −→ IP1,ψ(χ| · |
3
2 , s˜tχ,ψ) −→ JP1,ψ(χ| · |
3
2 , s˜tχ,ψ) −→ 0,
where S˜t
+
χ,ψ is an irreducible square-integrable representation;
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(v) χ2 = 1 (so that χ = χa for some a ∈ F
×), s = 32 , and π = ω
−
W1,ψa
, in which case we have
0 −→ S˜t
−
χ,ψ −→ IP1,ψ(χ| · |
3
2 , ω−W1,ψa) −→ ω
−
W2,ψa
−→ 0,
where S˜t
−
χ,ψ is an irreducible square-integrable representation;
(vi) χ2 = 1 (so that χ = χa for some a ∈ F
×), s = 32 , and π = ω
+
W1,ψa
, in which case we have
0 −→ JP2,ψ(stχ ⊗ |det |) −→ IP1,ψ(χ| · |
3
2 , ω+W1,ψa) −→ ω
+
W2,ψa
−→ 0.
Lemma C.2. Let τ be an irreducible unitary square-integrable representation of GL2(F ) with central
character ωτ . Let s ∈ R with s ≥ 0. Then IP2,ψ(τ ⊗ |det |
s) is reducible if and only if one of the following
holds:
(i) ωτ = 1 and s = 0, in which case we have
IP2,ψ(τ) = πgen,ψ(τ)⊕ πng,ψ(τ),
where πgen,ψ(τ) is an irreducible ψ-generic tempered representation and πng,ψ(τ) is an irreducible
non-ψ-generic tempered representation;
(ii) τ is self-dual and supercuspidal, ωτ 6= 1, and s =
1
2 , in which case we have
0 −→ S˜tψ(τ) −→ IP2,ψ(τ ⊗ |det |
1
2 ) −→ JP2,ψ(τ ⊗ |det |
1
2 ) −→ 0,
where S˜tψ(τ) is an irreducible square-integrable representation;
(iii) τ = stχ for some quadratic character χ of F
× and s = 1, in which case we have
0 −→ S˜t
+
χ,ψ −→ IP2,ψ(stχ ⊗ |det |) −→ JP2,ψ(stχ ⊗ |det |) −→ 0,
where S˜t
+
χ,ψ is the representation as in Lemma C.1(iv).
The representations described in the lemmas above exhaust all irreducible genuine elliptic tempered
representations of Mp(W2) which are not supercuspidal.
C.1.2. Elliptic tempered representations of SO(V ǫ2 ). We also need to enumerate the elliptic tempered
representations of SO(V ǫ2 ) which are not supercuspidal. We write IQi(· · ·) = I
ǫ
Qi
(· · ·) and JQi(· · ·) =
J ǫQi(· · ·) to indicate that they are representations of SO(V
ǫ
2 ). Let St
ǫ be the Steinberg representation of
SO(V ǫ2 ) and put St
ǫ
χ = St
ǫ ⊗ (χ ◦ ν) for any quadratic character χ of F×, where ν denotes the spinor
norm.
The following lemmas summarize the result of Sally–Tadic´ [40] (see also [30]) on the composition series
of parabolically induced representations of SO(V +2 ).
Lemma C.3. Let χ be a unitary character of F×. Let s ∈ R with s ≥ 0. Let σ be an irreducible square-
integrable representation of SO(V +1 ). Then I
+
Q1
(χ| · |s, σ) is reducible if and only if one of the following
holds:
(i) χ2 = 1, s = 12 , and σ is supercuspidal, in which case we have
0 −→ St+(χ, σ) −→ I+Q1(χ| · |
1
2 , σ) −→ J+Q1(χ| · |
1
2 , σ) −→ 0,
where St+(χ, σ) is an irreducible square-integrable representation;
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(ii) χ2 = 1, s = 12 , and σ = stµ for some quadratic character µ of F
×, in which case we have
0 −→ Σ −→ I+Q1(χ| · |
1
2 , stµ) −→ J
+
Q1
(χ| · |
1
2 , stµ) −→ 0
with
Σ =
{
St+(χ, stµ) if χ 6= µ;
σgen(stχ) if χ = µ,
where St+(χ, stµ) is an irreducible square-integrable representation (which is isomorphic to St
+(µ, stχ))
and σgen(stχ) is the representation as in Lemma C.4(i) below;
(iii) χ2 = 1, s = 32 , and σ = stχ, in which case we have
0 −→ St+χ −→ I
+
Q1
(χ| · |
3
2 , stχ) −→ J
+
Q1
(χ| · |
3
2 , stχ) −→ 0.
Lemma C.4. Let τ be an irreducible unitary square-integrable representation of GL2(F ) with central
character ωτ . Let s ∈ R with s ≥ 0. Then I
+
Q2
(τ ⊗ |det |s) is reducible if and only if one of the following
holds:
(i) ωτ = 1 and s = 0, in which case we have
I+Q2(τ) = σgen(τ)⊕ σng(τ),
where σgen(τ) is an irreducible generic tempered representation and σng(τ) is an irreducible non-
generic tempered representation;
(ii) τ is self-dual and supercuspidal, ωτ 6= 1, and s =
1
2 , in which case we have
0 −→ St+(τ) −→ I+Q2(τ ⊗ |det |
1
2 ) −→ J+Q2(τ ⊗ |det |
1
2 ) −→ 0,
where St+(τ) is an irreducible square-integrable representation;
(iii) τ = stχ for some quadratic character χ of F
× and s = 1, in which case we have
0 −→ St+χ −→ I
+
Q2
(stχ ⊗ |det |) −→ J
+
Q2
(stχ ⊗ |det |) −→ 0.
We can easily describe the composition series of parabolically induced representations of SO(V −2 ) as
follows.
Lemma C.5. Let χ be a unitary character of F×. Let s ∈ R with s ≥ 0. Let σ be an irreducible
representation of SO(V −1 ). Then I
−
Q1
(χ| · |s, σ) is reducible if and only if one of the following holds:
(i) χ2 = 1, s = 12 , and σ 6= χ ◦ ν, in which case we have
0 −→ St−(χ, σ) −→ I−Q1(χ| · |
1
2 , σ) −→ J−Q1(χ| · |
1
2 , σ) −→ 0,
where St−(χ, σ) is an irreducible square-integrable representation;
(ii) χ2 = 1, s = 32 , and σ = χ ◦ ν, in which case we have
0 −→ St−χ −→ I
−
Q1
(χ| · |
3
2 , χ ◦ ν) −→ J−Q1(χ| · |
3
2 , χ ◦ ν) −→ 0.
The representations described in the lemmas above exhaust all irreducible elliptic tempered represen-
tations of SO(V ǫ2 ) which are not supercuspidal.
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C.1.3. Local Shimura correspondence. The local Shimura correspondence [11] is a bijection between rep-
resentations of Mp(W2) and SO(V
ǫ
2 ) defined via theta lifts, which restricts to a bijection
Πϕ,ψ(Mp(W2)) ←→ Πϕ(SO(V
+
2 )) ⊔Πϕ(SO(V
−
2 ))
for any L-parameter ϕ : WF × SL2(C) → Sp4(C). The following table describes this bijection explicitly
when any irreducible summand of ϕ is symplectic.
ϕ : L-parameter Πϕ,ψ(Mp(W2)) Πϕ(SO(V
ǫ
2 ))
ϕ = ̺⊠ S1 π
ǫ : supercuspidal σǫ : supercuspidal
ϕ = ρ⊠ S2 π
+ = S˜tψ(τ) σ
+ = St+(τ)
π− : supercuspidal σ− : supercuspidal
ϕ = χa ⊠ S4 π
+ = S˜t
+
χa,ψ
σ+ = St+χa
π− = S˜t
−
χa,ψ σ
− = St−χa
ϕ = 1⊠ S4 π
+ = S˜t
−
1,ψ σ
+ = St+1
π− = S˜t
+
1,ψ σ
− = St−1
ϕ = (ρ1 ⊠ S1)⊕ (ρ2 ⊠ S1) π
ǫ1,ǫ2 : supercuspidal σǫ1,ǫ2 : supercuspidal
ϕ = (ρ0 ⊠ S1)⊕ (χa ⊠ S2) π
+,+ = S˜tψ(χa, π
+
0 ) σ
+,+ = St+(χa, σ
+
0 )
π+,− = θW2,V εa1 ,ψa((σ
εa
0 ⊗ νa)
−ε0χa(−1)) σ+,− = θ
W1,V
−
2 ,ψa
(πεa0 )⊗ νa
π−,+ = S˜tψ(χa, π
−
0 ) σ
−,+ = St−(χa, σ
−
0 )
π−,− = θ
W2,V
−εa
1 ,ψa
((σ−εa0 ⊗ νa)
ε0χa(−1)) σ−,− = θW1,V +2 ,ψa
(π−εa0 )⊗ νa
ϕ = (ρ0 ⊠ S1)⊕ (1⊠ S2) π
+,+ = θW2,V +1 ,ψ
(σ+,−ε00 ) σ
+,+ = St+(1, σ+0 )
π+,− = S˜tψ(1, π
+
0 ) σ
+,− = θ
W1,V
−
2 ,ψ
(π+0 )
π−,+ = θ
W2,V
−
1 ,ψ
(σ−,ε00 ) σ
−,+ = St−(1, σ−0 )
π−,− = S˜tψ(1, π
−
0 ) σ
−,− = θW1,V +2 ,ψ
(π−0 )
ϕ = (χa ⊠ S2)⊕ (χb ⊠ S2) π
+,+ = S˜tψ(χa, s˜tχb,ψ) σ
+,+ = St+(χa, stχb)
π+,− = S˜tψ(χa, ω
−
W1,ψb
) σ+,− = St−(χa, νb)
π−,+ = S˜tψ(χb, ω
−
W1,ψa
) σ−,+ = St−(χb, νa)
π−,− = θW2,V −1 ,ψb
(ν
χab(−1)
ab ) σ
−,− = θW1,V +2 ,ψb
(ω−W1,ψa)⊗ νb
ϕ = (χa ⊠ S2)⊕ (1⊠ S2) π
+,+ = S˜tψ(χa, ω
−
W1,ψ
) σ+,+ = St+(χa, st1)
π+,− = S˜tψ(χa, s˜t1,ψ) σ
+,− = St−(χa, ν1)
π−,+ = θW2,V −1 ,ψ
(ν
χa(−1)
a ) σ−,+ = St
−(1, νa)
π−,− = S˜tψ(1, ω
−
W1,ψa
) σ−,− = θW1,V +2 ,ψ
(ω−W1,ψa)
ϕ = ϕ0 ⊕ ϕ0 π
+,+ = πgen,ψ(τ0) σ
+,+ = σgen(τ0)
π−,− = πng,ψ(τ0) σ
−,− = σng(τ0)
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• a, b ∈ F× such that χa, χb, 1 are pairwise distinct
• ̺ : 4-dimensional irreducible symplectic representation of WF
• ρ0, ρ1, ρ2 : 2-dimensional irreducible symplectic representation of WF such that ρ1 6= ρ2
• ρ : 2-dimensional irreducible orthogonal representation of WF
• ϕ0 : 2-dimensional irreducible symplectic representation of LF
• Πρ0,ψ(Mp(W1)) = {π
ǫ
0 | ǫ ∈ µ2}
• Πρ0(SO(V
ǫ
1 )) = {σ
ǫ
0}
• Πρ(GL2(F )) = {τ}
• Πϕ0(GL2(F )) = {τ0}
• νa = χa ◦ ν with ν : spinor norm
• νǫa : ǫ-extension of νa
• ε0 = ǫ(
1
2 , ρ0)
• εa = ǫ(
1
2 , ρ0) · ǫ(
1
2 , ρ0 × χa) · χa(−1)
C.1.4. Nontempered A-packets. For any A-parameter φ : LF ×SL2(C)→ Sp4(C), we have described most
of the representations in the A-packet Πφ,ψ(Mp(W2)) explicitly in the body of this paper. The following
lemmas determine the remaining representations.
Lemma C.6. Suppose that φ = (ρ ⊠ S1) ⊕ (χa ⊠ S2) with a 2-dimensional symplectic almost tempered
representation ρ of LF and a ∈ F
×.
(i) If either
• ρ = ρ0 ⊠ S1 for some 2-dimensional irreducible symplectic representation ρ0 of WF ; or
• ρ = χb ⊠ S2 for some b ∈ F
× such that χa 6= χb,
then for any ǫ1 ∈ µ2, we have
πǫ1,− = πǫ1,−ϕ ,
where πǫ1,−ϕ is the irreducible genuine square-integrable representation of Mp(W2) with L-parameter
ϕ = ρ⊕ (χa ⊠ S2) (relative to ψ) associated to (ǫ1,−1) ∈ Ŝϕ = µ2 × µ2.
(ii) If ρ = χa ⊠ S2, then for any ǫ1 ∈ µ2, we have
πǫ1,− =

0 if χa 6= 1 and ǫ1 = 1;
π−,−ϕ if χa 6= 1 and ǫ1 = −1;
π+,+ϕ if χa = 1 and ǫ1 = 1;
0 if χa = 1 and ǫ1 = −1,
where πǫ1,ǫ1ϕ is the irreducible genuine tempered representation of Mp(W2) with L-parameter ϕ =
(χa ⊠ S2)⊕ (χa ⊠ S2) (relative to ψ) associated to (ǫ1, ǫ1) ∈ Ŝϕ = ∆µ2.
(iii) If ρ = (χ| · |s ⊠ S1) ⊕ (χ
−1| · |−s ⊠ S1) for some unitary character χ of F
× and some s ∈ R with
0 ≤ s < 12 , then we have
π+,− = JP1,ψ(χ| · |
s, ω−W1,ψa).
Proof. For ǫ1 ∈ µ2, put ǫ = ǫ1 · ǫ(
1
2 , ρ) · ǫ(
1
2 , ρ × χa) · χa(−1) and ǫ
′ = −ǫ1 · ǫ(
1
2 , ρ) · χa(−1). Let σ
ǫ
0 be
the irreducible representation of (Bǫ)× with L-parameter ρ⊗χa and σ
ǫ,ǫ′ the ǫ′-extension of σǫ0 to O(V
ǫ
1 ).
Since πǫ1,− = θW2,V ǫ1 ,ψa(σ
ǫ,ǫ′), the lemma follows from Lemmas A.1, A.6, A.7, and A.8. 
Lemma C.7. Suppose that φ = (χa ⊠ S2)⊕ (χb ⊠ S2) with a, b ∈ F
×.
(i) If χa 6= χb, then we have
π−,− = π−,−ϕ ,
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where π−,−ϕ is the irreducible genuine square-integrable representation of Mp(W2) with L-parameter
ϕ = (χa ⊠ S2)⊕ (χb ⊠ S2) (relative to ψ) associated to (−1,−1) ∈ Ŝϕ = µ2 × µ2.
(ii) If χa = χb, then we have
π−,− = JP1,ψ(χa| · |
1
2 , s˜tχa,ψ).
Proof. Put ǫ′ = χab(−1). Let σ
−,ǫ′ be the ǫ′-extension of χab◦NB− to O(V
−
1 ). Since π
−,− = θW2,V −1 ,ψa
(σ−,ǫ
′
),
the lemma follows from Lemmas A.3 and A.6. 
The following table describes the representations in Πφ,ψ(Mp(W2)) when φ is nontempered and any
irreducible summand of φ is symplectic.
φ : A-parameter Πφ,ψ(Mp(W2))
φ = χa ⊠ S4 π
+ = JB,ψ(χa| · |
3
2 , χa| · |
1
2 )
π− = JP1,ψ(χa| · |
3
2 , ω−W1,ψa)
φ = (ρ0 ⊠ S1)⊕ (χa ⊠ S2) with ρ0 6= χa ⊠ S2 π
ǫ1,+ = JP1,ψ(χa| · |
1
2 , πǫ10 )
πǫ1,− = πǫ1,−ϕ
φ = (ρ0 ⊠ S1)⊕ (χa ⊠ S2) with ρ0 = χa ⊠ S2 π
ǫ1,+ = JP1,ψ(χa| · |
1
2 , πǫ10 )
πǫ1,− =

0 if χa 6= 1 and ǫ1 = 1
π−,−ϕ if χa 6= 1 and ǫ1 = −1
π+,+ϕ if χa = 1 and ǫ1 = 1
0 if χa = 1 and ǫ1 = −1
φ = (χa ⊠ S2)⊕ (χb ⊠ S2) π
+,+ = JB,ψ(χa| · |
1
2 , χb| · |
1
2 )
π+,− = JP1,ψ(χa| · |
1
2 , ω−W1,ψb)
π−,+ = JP1,ψ(χb| · |
1
2 , ω−W1,ψa)
π−,− = π−,−ϕ
φ = (χa ⊠ S2)⊕ (χa ⊠ S2) π
+,+ = JB,ψ(χa| · |
1
2 , χa| · |
1
2 )
π−,− = JP1,ψ(χa| · |
1
2 , s˜tχa,ψ)
φ = ρ⊠ S2 π
+ = JP2,ψ(τ ⊗ |det |
1
2 )
π− = π−ϕ
• a, b ∈ F× such that χa 6= χb
• ρ0 : 2-dimensional irreducible symplectic representation of LF
• ρ : 2-dimensional irreducible orthogonal representation of LF
• ϕ = φ ◦∆ : 4-dimensional symplectic representation of LF
• ∆ :WF × SL2(C)→ WF × SL2(C)× SL2(C) : diagonal map
• Πρ0,ψ(Mp(W1)) = {π
ǫ
0 | ǫ ∈ µ2}
• Πρ(GL2(F )) = {τ}
C.2. The real case. Suppose that F = R. We retain the notation of §A.3.1.
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C.2.1. (Limit of) discrete series representations of Mp4(R). Recall from [44, Theorem 8.1] that there is
a bijection
{irreducible genuine tempered representations of Mp4(R) with real infinitesimal character}
{irreducible genuine representations of K ′}
sending π in the first set (see [44, Definition 8.5] for the precise definition) to the unique lowest K ′-type of
π, where K ′ is the maximal compact subgroup of Mp4(R). In particular, any genuine (limit of) discrete
series representation of Mp4(R) (which always has real infinitesimal character) is uniquely determined by
its lowest K ′-type.
We now describe the L-packet Πϕ,ψ(Mp4(R)) explicitly for any L-parameter ϕ : WR → Sp4(C) when
any irreducible summand of ϕ is symplectic. We may write
ϕ = Da ⊕Db
with some a, b ∈ 12 + Z such that a ≥ b > 0 and
Πϕ,ψ(Mp4(R)) = {π
ǫ1,ǫ2 | ǫ1, ǫ2 ∈ µ2},
where we interpret πǫ1,ǫ2 as zero if a = b and ǫ1 6= ǫ2. If a > b, then by [29, §2.2], π
ǫ1,ǫ2 is the genuine
discrete series representation of Mp4(R) with lowest K
′-type Λǫ1,ǫ2 (relative to ψ) given by
Λ+,+ = (a+ 1,−b),
Λ+,− = (a+ 1, b + 2),
Λ−,+ = (−b− 2,−a− 1),
Λ−,− = (b,−a− 1).
If a = b, then πǫ1,ǫ2 is the genuine limit of discrete series representation of Mp4(R) with lowest K
′-type
Λǫ1,ǫ2 (relative to ψ) given by
Λ+,+ = (a+ 1,−a),
Λ−,− = (a,−a− 1),
so that
IP2,ψ(Da) = π
+,+ ⊕ π−,−.
The representations described above exhaust all genuine (limit of) discrete series representations of
Mp4(R).
C.2.2. Nontempered A-packets. For any A-parameter φ : WR×SL2(C)→ Sp4(C), we have described most
of the representations in the A-packet Πφ,ψ(Mp4(R)) explicitly in the body of this paper. The following
lemmas determine the remaining representations.
Lemma C.8. Suppose that φ = (ρ ⊠ S1) ⊕ (χa ⊠ S2) with a 2-dimensional symplectic almost tempered
representation ρ of WR and a ∈ R
×.
(i) If ρ = Dκ− 1
2
for some positive integer κ, then for any ǫ1 ∈ µ2, we have
πǫ1,− =
{
π
ǫ1,χa(−1)
ϕ if κ > 1 or ǫ1 = χa(−1);
0 if κ = 1 and ǫ1 = −χa(−1),
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where π
ǫ1,χa(−1)
ϕ is the genuine (limit of) discrete series representation of Mp4(R) with L-parameter
ϕ = Dκ− 1
2
⊕D 1
2
(relative to ψ) associated to (ǫ1, χa(−1)) ∈ Ŝϕ ⊂ µ2 × µ2.
(ii) If ρ = χ| · |s ⊕ χ−1| · |−s for some unitary character χ of R× and some s ∈ R with 0 ≤ s < 12 , then
we have
π+,− = JP1,ψ(χ| · |
s, ω−W1,ψa).
Proof. For ǫ1 ∈ µ2, put ǫ = ǫ1 · ǫ(
1
2 , ρ) · ǫ(
1
2 , ρ × χa) · χa(−1) and ǫ
′ = −ǫ1 · ǫ(
1
2 , ρ) · χa(−1). Let σ
ǫ
0 be
the irreducible representation of (Bǫ)× with L-parameter ρ⊗χa and σ
ǫ,ǫ′ the ǫ′-extension of σǫ0 to O(V
ǫ
1 ).
Since πǫ1,− = θW2,V ǫ1 ,ψa(σ
ǫ,ǫ′), the lemma follows from Lemmas A.1, A.9, and A.10. 
Lemma C.9. Suppose that φ = (χa ⊠ S2)⊕ (χb ⊠ S2) with a, b ∈ R
×.
(i) If χa 6= χb, then we have
π−,− = 0.
(ii) If χa = χb, then we have
π−,− = JP1,ψ(χa| · |
1
2 , (ω−W1,ψa)
∨).
Proof. Put ǫ′ = χab(−1). Let σ
−,ǫ′ be the ǫ′-extension of χab◦NB− to O(V
−
1 ). Since π
−,− = θW2,V −1 ,ψa
(σ−,ǫ
′
),
the lemma follows from Lemmas A.1 and A.3. 
The following table describes the representations in Πφ,ψ(Mp4(R)) when φ is nontempered and any
irreducible summand of φ is symplectic.
φ : A-parameter Πφ,ψ(Mp4(R))
φ = χa ⊠ S4 π
+ = JB,ψ(χa| · |
3
2 , χa| · |
1
2 )
π− = JP1,ψ(χa| · |
3
2 , ω−W1,ψa)
φ = (Dκ− 1
2
⊠ S1)⊕ (χa ⊠ S2) π
ǫ1,+ = JP1,ψ(χa| · |
1
2 , D˜λ,ψ)
πǫ1,− =
{
π
ǫ1,χa(−1)
ϕ if κ > 1 or ǫ1 = χa(−1)
0 if κ = 1 and ǫ1 = −χa(−1)
φ = (χa ⊠ S2)⊕ (χb ⊠ S2) π
+,+ = JB,ψ(χa| · |
1
2 , χb| · |
1
2 )
π+,− = JP1,ψ(χa| · |
1
2 , ω−W1,ψb)
π−,+ = JP1,ψ(χb| · |
1
2 , ω−W1,ψa)
π−,− = 0
φ = (χa ⊠ S2)⊕ (χa ⊠ S2) π
+,+ = JB,ψ(χa| · |
1
2 , χa| · |
1
2 )
π−,− = JP1,ψ(χa| · |
1
2 , (ω−W1,ψa)
∨)
φ = Dκ ⊠ S2 π
+ = JP2,ψ(Dκ ⊗ |det |
1
2 )
π− = π+,−ϕ ⊕ π
−,+
ϕ
• a, b ∈ R× such that χa 6= χb
• κ : positive integer
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• λ =
{
κ− 12 if ǫ1 = 1
−κ+ 12 if ǫ1 = −1
• ϕ =
{
Dκ− 1
2
⊕D 1
2
if φ = (Dκ− 1
2
⊠ S1)⊕ (χa ⊠ S2)
Dκ+ 1
2
⊕Dκ− 1
2
if φ = Dκ ⊠ S2
C.3. The complex case. Suppose that F = C. For any A-parameter φ : WC × SL2(C) → Sp4(C), we
have described the representations in the A-packet Πφ,ψ(Mp4(C)) explicitly in the body of this paper. The
following table describes the representations in Πφ,ψ(Mp4(C)) when φ is nontempered and any irreducible
summand of φ is symplectic.
φ : A-parameter Πφ,ψ(Mp4(C))
φ = 1⊠ S4 π
+ = JB,ψ(| · |
3
2 , | · |
1
2 )
π− = JP1,ψ(| · |
3
2 , ω−W1,ψ)
φ = (1⊠ S2)⊕ (1⊠ S2) π
+,+ = JB,ψ(| · |
1
2 , | · |
1
2 )
π−,− = 0
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